PROJECTIVE DIFFERENTIAL GEOMETRY OF CURVED SURFACES* 


(FIFTH MEMOIR) 
BY 
E. J. WILCZYNSKI 


Introduction. 


On December 13, 1880, DarBoux presented to the French Academy of 
Sciences a note on the contact between curves and surfaces, which contains 
some very important results. One of these may be stated as follows: if we 
consider all of the sections of a surface made by planes which pass through the 
same tangent, the locus of the conics, which osculate these sections at their 
common point of contact with the tangent, is a quadric having contact of the 
second order with the given surface. Two of these osculating conics moreover 
hyperosculate the plane section to which they belong, i. e., have fifth order 
contact with it. Finally, there exist (in general) twenty-seven plane sections 
through a point of a given surface whose osculating conics have sixth order 
contact with them. Darsovx also discussed an interesting problem of contact 
between a quadric and a given surface, and determined a STEINER surface which 


has fourth order contact with the given surface at a given point. He further 


proved that the quadrie surfaces, the ruled surfaces of the third order and 
STEINER’s Roman surface of the fourth order are the only ones through every 
point of which there passes an infinity of conics lying entirely on the surface. 
The other results in DarBoux’s paper are of a metrical character and do not 
concern us here. 

Two weeks later Mourarpf{ announced the fact that the same questions 
treated by DarBoux had been discussed by him in two oral communications 
made to the Société philomathique about 1865. The second of these was 
concerned with metrical geometry and calls for no discussion in this place. 
Moreover no trace of it exists in print. The first however contained pre- 
cisely the theorems mentioned above concerning the conics which have con- 
tact of the fourth, fifth and sixth order with a given surface at a given point, 


* Presented to the Society (Chicago), January 1, 1909. 

tComptes Rendus, vol. 91 (1880), p. 969. The detailed discussion of these results is to 
be found in the Bulletin des Sciences Mathematiques et Astronomiques, 2d series, 
vol. 4 (1880), p. 348. 

tComptes Rendus, vol. 91 (1880), p. 1055. 
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together with some additional more special remarks which follow from an appli- 
cation of these results to surfaces of the third order. These theorems were 
communicated by Moutarp to PoNCELET in a letter, a part of which was 
reproduced by the latter in the second volume of his Applications d’analyse et 
de géometrie. A part of this again was used by CHaAsLes in 1870 in his 
Rapport sur le progres de la géometrie. These important theorems dis- 
covered by MouTarD in 1863, it seems, were practically lost until rediscovered 
independently by DarBoux in 1880. A very careful search on my part has 
failed to show me any trace of these theorems in the standard treatises on the 
theory of surfaces, which have appeared since 1880, or in the “ Encyklopadie.” 
Nor have I seen any mention of these results in the general literature of the 
subject. Consequently I thought them new when I rediscovered them in the 
spring of 1908, and announced them as such at the summer-meeting of the 
Society in Urbana. I shall henceforth speak of the first of the above men- 
tioned results as the theorem of Moutarp. 

The method of proof which I have adopted is closely allied to that of 
Darpoux. But there are several essential points of difference. The tetra- 
hedron of reference chosen by me is one whose geometrical significance has been 
fully elucidated by my previous work, while that of DarsBoux, which is not the 
same, was introduced by him in a purely analytic fashion. Since, moreover, 
these theorems are necessary parts of any general treatment of the projective 
differential geometry of a curved surface, such as has been presented for the 
first time in these five memoirs, since other results closely related to them can- 
not be presented except in this connection, and since the modifications which 
DarBovux’s theorems undergo in certain important cases are also included in 
this treatment it becomes necessary, even at the expense of some repetition, to 
publish these new proofs. In this way the concepts of the Mourarp-DarBoux 
theory can be brought into organic connection with the theory developed by 
myself in the first four memoirs. Another method of establishing this con- 
nection would consist in obtaining the geometric characteristics of the DarBoux 
tetrahedron of reference. This will be left*for another paper, as will also the 
detailed discussion of the exceptional case when the point of the surface con- 
sidered is parabolic. The case in which all points of the surface are parabolic, 
i. e., in which the surface is developable, shall however be included in this paper 
at least as far as the principal features of the theory are concerned. This 
enables us to apply our theorems in detail to all analytic surfaces, including 
developables, only special points of certain surfaces being excluded. 


§ 1. Darboux’s tangents of quadric osculation. 


Let P be a point of a surface S, and let # be a non-vanishing portion of S, 
finite or infinite in extent, such that P is one of its interior points, and such 
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that the homogeneous codrdinates x,, ---, x, of any point of 2 may be expressed 
as convergent series of positive integral powers of two parameters wu and v. 
Moreover let the two asymptotic tangents of the surface at P be distinct. We 
shall then say that P is a regular point of the surface. 

If we introduce non-homogeneous coordinates 


x 
I 


—, 


these may be chosen in such a way that one of them, say z, assumes the form of 
a series proceeding according to positive integral powers of the other two, x 
and y. If, moreover, neither of the asymptotic tangents of P has more than 
three consecutive points in common with the surface at P, this series may by a 
projective transformation be put into the form 

where J, J, and all further coefficients are absolute invariants of the surface. 
Any non-ruled surface will admit of such a development in the vicinity of one 
of its regular points. DarBoux } mentions this development but makes use of 
a different one, viz. : 

(1a) + vy(ax + by?) +---, 

in the investigations mentioned in the introduction. The form (1) of the devel- 
opment is also derived by TREssE { but implicitly is already contained in a few 
remarks of HALPHEN’s in his thesis on differential invariants. 

The geometrical significance of the development (1), i. e., the geometrical 
definition of the tetrahedron of reference which gives rise to this development is 
explained in one of my previous papers. 

Obviously the most general quadric involving three arbitrary constants a, 
8, ¥, which has contact of the second order with S at P is given by an equation 
of the form 


(2) + By +72), 
which gives the development for z 
(3) z= wy + + By) + + By)? + + 


The projection of the curve of intersection of (1) and (2) upon the ay plane will 
be 
(2+ )—ay (aw + By)+ (Let + Sy*)— wy[ (ae + By)? + yey] +---= 9. 
This curve has a triple point at P for all values of a and 8. The three tangents 
of this triple point will coincide if and only if 

*Second memoir. These Transactions, vol. 9 (1908), p. 103. 


t DARBOUX, 1. c., p. 353. 
tA. TReEssE. Sur les invariants différentiels des groupes continus de transformations, Paris, 1893. 
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a=—}, B=—}; a=—}0, B=—}0; B=—}O; 
where @ is an imaginary third root of unity, while y is not determined at all by 
this condition. 

We have, therefore, the following results due to Darsoux. The most gen- 
eral quadrie Q which has contact of the second order with S at P contains 
three arbitrary constants. It is not possible to dispose of these in such a way 
as to have the three tangents of the triple point of the curve of intersection of 
S and Q coincide with an arbitrary line, tangent to S at P. If the three 
taugents of the triple point coincide at all, they will coincide with one of the 
three tangents of S given by the equation, 

(4) 
Moreover, to each of these three tangents there corresponds a single infinity of 
quadrics of this kind. 

These three tangents are called tangents of quadric osculation. They have 
recently been obtained by SeGRE* from a different point of view. 

Obviously we may obtain in this way a family of curves on the surface S, 
three of which pass through every regular point. These curves DarBoux 
denotes as the lines of quadric osculation. 


§2. The osculating Steiner surface. 


Let 


P(A, $,(A- #) 
where 
(6) $, = + 2h, m+ bw’ + 2g,A+ (k=1,2,3,4), 


be the equations of a Steiner surface, X and uw being the parameters which 
determine one of its points. It is well known { that any Steiner surface may be 
so represented. Since, moreover, the most general Steiner surface depends 
upon fifteen arbitrary constants and since the requirement that one surface shall 
have contact of the fourth order with a given one is equivalent to fifteen condi- 
tions, we may expect to be able to determine one, or at most a finite number of 
Steiner surfaces which have contact of the fourth order with S at P. We shall 
find that a unique surface of this kind exists. 

The equations (5) and (6) may be simplified somewhat without loss of gen- 
erality. Let us assume first that the parameters of the point x = y = z = 0 are 
Then we may Moreover, let 


(7) + 9- 


*C. SEGRE. Complementi alla teoria delle tangenti coniugate di una superficie. Rendiconti 
della R. Accademia dei Lincei, vol. 17 (1908), series 5*, 2° sem. fasc. 9°. Seduta dell’ 8 
novembre 1908. 

¢ According to WEIERSTRAssS ; cf. CLEBSCH in Crelle’s Journal, vol. 67 (1867). 
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Then the quantities 

a=29gr+ B=2g,r%+ 
may be introduced as new parameters in place of \ and wand it will still be true 
that for a = 8 = 0,2, y and z will all vanish. By these assumptions equations 
(6) reduce to 


+ BB’, 

+ 27,08 + 

$, = 2G,2+ 2F,8 + + + 
+2H,08 + BB’, 


where G, and /’, may moreover be equated to zero. For if they are not zero 


the transformation of the parameters given by 
a’ B’ 
a> B = 7 
1—G,« 1—G,a —F,B 

will give rise to a system of the same form as (8) but with zeros in the place of 
G,and 

If these simplified expressions be substituted for x, y and z in (1), and if the 
coefficients of all of the powers of a and 8 up to and including those of the 


(8) 


fourth order be equated to zero, the resulting Steiner surface will have contact 
of the fourth order with S at P. The resulting homogeneous equations are 


px, = — + T2JaB — 968", 

po, = 5768 — 96a? + 72Ja8 — 

px, = 5T6a8, 

pe, = 576 + (24.7 — a? + (1817 — 80) a8 + (247 —9J*) 


(9) 


In deducing these formulz we assumed g, — 7,,f, +9. Suppose 
but 
We may again assume c, = c, = c, = 0,c,=1, G,= F,=90. If we put 
29,+ + 2fu=B, 
we shall have, instead of (8), the system 
+ 
= ka + A,a’ + 2H,28 + B,B’, 
$,=8 + + 2H,a8 + 
$,=1+ A,o + 2H, o8 + BB. 


(8) 
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But it is easy to see that a surface whose equations are of this form cannot have 
contact even of the first order with S at P. In fact, its tangent plane at the 
point P(a= 8 = 0) would be 
kx —y=9 

instead of z= 0. Finally, both of the determinants g,f,—g, f, and 9, 
cannot vanish simultaneously since the peint P is supposed to be a regular point 
for the surface S and therefore also for the osculating Steiner surface. We 
may therefore state the following theorem: A unique Roman surfuce of 
Steiner can be determined which has contact of the fourth order with a given 
non-ruled analytic surface at one of its regular points. Referred to the 
canonical tetrahedron the parametric equations of this Steiner surface are 
given by equations (9). 

We shall refrain from developing in detail the geometric relations between 
this Steiner surface and the elements of the canonical tetrahedron, all of which 
may be expressed in terms of the invariants J and J. 


§ 3. Osculating conics of plane sections. 


Let the behavior of the surface S in the vicinity of the regular point P be 


expressed by its canonical development 
1 
+ + 5 + 5K, vty + 10K, 


10) 1 
+ 10K, 2° + 5K, + K,y’) + 6! (L,2° + 6L,e°y + 15L, 


+ + 15 + 6L xy’ + 


the terms up to those of the sixth order being explicitly written down. Con- 
sider the intersection of this surface with the plane 


(11) 


The projection of this plane section upon the xy plane will be given by the 
development 


1 1 1 
Aw + py — — (2° + — + — + 
3! 4! 5! 


12 1 
+ 10K,2*y? + + 5K, xy'+ Ky’) — 61 (L, + 


+ 15L,2ty + 20L, 2° + 15L, y' + 6L, + Ly’) = 0. 


If the secant plane does not contain the z axis, the projection of the osculating 


da 
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conic of the plane section will be the osculating conic of the curve (12) in the 
ay plane: and conversely, the quadric cone whose vertex is the center of projec- 
tion (the point at infinity of the z axis) and whose directrix is the conic oscu- 
lating the curve (12) at the origin, will determine as its intersection with the 
plane (11) the oseulating conic of the plane section considered. To be sure, the 
osculating conics of a plane section whose plane contains the z axis escapes this 
method of treatment. It may be obtained by choosing a different center of 
projection, or more simply by considering it as the limit of a sequence of conics 
determined by a sequence of planes which approach coincidence with the plane 
considered. 
Let 
(13) + + by’ + 2gx + 2fy =90 


be the osculating conic of (12). Then this equation (13) must be satisfied to 
terms of the fourth order inclusive if the value of y as function of «x be substi- 
tuted into it from (12). If « + 0 we may always assume that (12) is capable of 
a solution of the form 


14 = ke + lx? + ma? + not + pa + 
q 


lf u« vanishes, a similar expression may be found for « in terms of y¥, unless X 
also is equal to zero. But there is no need of considering these cases separately 
as it will become evident how the formulae will have to be modified for «= 0. 
Finally if \ = 4» = 0, i. e., if the secant plane is the tangent plane, the oscula- 
ting conic obviously degenerates and becomes indeterminate. Let us assume 
“#+0. The substitution of (14) in (12) will give 

r 1 


1 
= [Jat — — 24rp + + Lp'], 


ug = p + kim + th’n+ + A, &), 
where 
(K,k)= K,+ 5K, k + 10K,h + 10K, + + Kh’, 
(K, k)= 5K, + 20K,k + + 20K, + 5K, 
(L,k)=L,+6L,k + + + 15L + Lk. 
If we substitute (14) into equation (13) and equate to zero the coefficients of 


a2, x, x’, 2* we obtain the conditions necessary for the determination of the 
osculating conic. Upon solution these give 
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a =2(—U + kml? — ln + = — 128 — 12ry'), 
b = 2(m? — In) = p?(a — 128 —12a'y), 
4 — Lkm? = rw (a — 188 + 86227), 


f= PF =— g=—kP = — 360 p', 


where 


(18) 


a = 2(A*— w*)? + SA‘ + Ly"), 
+ 

If » = 0, these formule give as the osculating conic of a plane section through 
one of the asymptotic tangents that tangent counted twice. This same result 
is obtained if the development in powers of y be employed which exists in 
place of (14) when »=0,2X+4 0. If both A and yw vanish, the secant plane is 
tangent to the surface and the osculating conic becomes indeterminate. It con- 
sists of one of the asymptotic tangents and any other tangent of the surface at 
the given point. The pair of asymptotic tangents in that case constitutes a 


degenerate hyperosculating conic. 
Let us examine the locus of the osculating conics corresponding to a fixed 
tangent, i. e., corresponding to those secant planes for which 


(19) 
is a constant. Put 
(20) B=e(c+1). 


If we divide by the common factor u*, the coefficients of the equation of the 
projection of the osculating conic become 


a=c'p[ Au—12(B+c)], = p[Aw—12(B+c*)], 


21 
h=c( — 18 Bp + 36c’), f=— g = — 


The locus of these conics is found by eliminating » between the equations 


ax’ + 2Zhay + by’? + 2gx + 2fy=90, z=p(cr+y), 
where, a, h, b, g, fare given by (21). The result is 
(23) T2c%z—12(c? + Be)az—12(c' + B)yz + =0, 


so that the required locus is a quadrie surface, which, as may be easily verified, 
is never a cone unless c= 0 or oo, in which cases it degenerates into the tan- 
gent plane counted twice. We have thus proved the theorem of MouTarD 
for the case of a non-ruled surface. Since (23) is of the sixth degree in c, we 
see that six quadrics of this kind pass through an arbitrary point of space which 
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is not in the tangent plane. All of these quadrics have contact of the second- 
order with S at the origin, as they are included in the form (2). We may 
express these results as follows. Consider the section of a non-ruled surface 
S made by a plane passing through one of its regular points P. The conic 
which has fourth-order contact with this plane section at P generates a quadric 
surface if the plane turns about a fixed tangent of the surface at P as axis. 
Thus there corresponds a unique quadric surface to every tangent of the surface 
at P. Each of these quadrics has second order contact with S, and six of them 
pass through an arbitrary point of space which is not in the tangent plane. 
Leaving aside the case when one of the quadrics degenerates into the tangent 
plane counted twice, there exists no cone among them. 

We proceed to complete these considerations by studying the plane section of 
the surface S made by a pencil of planes whose axis passes through P, but is 
not a tangent of the surface. 

Let 


(24) wy, or =A, H+ 


be the equation of a plane which contains the point whose coordinates in the non- 
homogeneous canonical system are a, 8, y. Then we shall have the relation 


(24a) y=ra+ vB, 


between » and yw, where of course only the ratios of a: 8: are of importance. 
This plane intersects the tangent plane in the straight line 


(25) z= 0, py =0, where 


and the osculating conic of its intersection with S will be the inter ection of the 
plane (24) with the Moutarp quadric which belongs to the tangent (25). We 
may write the equation of the plane (24) as follows 


y — Aa 


The Movurtarp quadric of the tangent of S in which (26) intersects the 
tangent plane is given by (23) if the value of c which occurs in that equation 
be equated to 


6) 2=Av+ 


Br 
(27) 
The intersection of (26) and this quadric is the osculating conic of the plane 
section considered. The elimination of X between (23), (26), and (27) will give 
the equation of the locus of the osculating conics of the plane sections of S 
determined by the pencil of planes considered. 


We find 
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vy — Bz 


(28) yx + az 


which may be substituted in (23) to obtain the required locus, which is of the 
eighth order. It will be convenient however to introduce a new system of non- 
homogeneous codrdinates by putting 


(29a) &= — yx + az, n= yy — Bz, 
or 


(29) (Etat), y= 


a transformation which is equivalent to choosing as £ axis the axis of the given 
pencil of planes without changing the x or y axes. 
If this be done, the equation of the required locus becomes 


[ Qy By — 4a) — 24 + 4 (1808 — 
— + By (yD — 48) En? + + — 


380 
+ n — 24(y + 38) + 24(y + 8a) — 


— nt = 0. 


It may be verified that this surface of the eighth order, S,, has a septuple point 
at the origin and is therefore rational. The ¢ axis is a sextuple line, while the 
£ and 7 axes are both double lines of the surface. The two planes that are 
tangent to the two sheets of S, which intersect along the & axis are fixed, i. e., 
they do not vary with the point of contact. The same is true of the two tan- 
gent planes which belong to any point of the 7 axis. One of these tangent 
planes moreover is the plane € = 0, tangent to S at P. The other two planes 
containing the & and 7 axis respectively are 


(31a) yf + 6n = 0 and ~ 
or returning to the canonical system of coordinates 
(31d) 6yy + (y — 68)z=0, 6yx + (y — 6a)z2 = 0. 


Since, moreover, the intersection of the & plane with S, consists of the & 
and 7 axis each counted four times, the &y plane is a stationary tangent plane 
of S, along the entire € and 7 axes. The surface S, has no other nodal points 
than those indicated. 

Referred to the canonical tetrahedron, (30) is homogeneous with respect to 
a, 8B, y, as it should be. 
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We are in a position to express more clearly than formerly the significance 
of the canonical system of coordinates. The tetrahedron of reference requires 
no further discussion, but the unit point of the system was defined in a some- 
what indirect way.* Let us now consider the surface S, whose axis is the 
z axis. Its equation is obtained from (30) if we put the ratios of a:y and 8:¥ 
equal to zero. The two planes (310) then reduce to 


(32) 6by+2=90, 62 +2=0. 
Their line of intersection intersects the canonical quadric of the point P of the 
surface S, 
vy 
in the origin and the further point 
x= —6, y= —6, z= 36. 


Let us speak of the surface S, which is determined by any line / through P as 
a surface of osculating conics; let 7 be called its axis and let the two planes 
(310) be called its singular tangent planes. We find the following result. 

The unit point of the canonical system of codrdinates is chosen in such a 
way that the second point which the singular tangent planes of that surface 
of osculating conics, whose axis is the directrix of the second kind, have in 
common with the canonical quadric shall have as its coérdinates the values 


x= —6, y=—6, 386. 


If (13) is the equation of the projection of the osculating conic of one of the 
plane sections of the surface S, its coefficients are given by (17) or (21). If the 
development (14) for y be substituted in the left member of (13), the resulting 
power-series will have zero coefficients for its first five terms. Let C, and C, 
denote the coefficients of «° and «® in this power series. Then 


C, = 2fp + 2hn + 2(kn + lm)jb, 
33 
C, = 2fq + 2hp + (2kp + 2ln + m*)d. 
We find from (15) 


1 
P= Ks &) + 25.7 + 5 — 20003 20u'— 12024"), 


1 
I= L, k) + 15 —6 +6 ( K, 
—4200° + + 30 24005 J. 
Consequently we shall have 


*Second memoir. These Transactions, vol. 9 (1908), p. 110. 
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1 3 
k=—c, 


1 
n= [(se + 4(1 — 


1 
(85) P= 4 25 + 


1 


+(—420c°+450Jc*+ 240c?+ 301) + (—2400c° + 120)u4—720c] . 
It will be convenient to make use of the relation 


(36) h+ kb = 6(c — c*?)p + 
in computing C,. 
We find 


A C,= (KX, —c)+45e(c?—1)( 


—180c[ ¢( Je'— 1) ] 

(37) M=720p'C,=[—72(L, —c)e+72(K, I) A 

[432(K, + 48200%(Je!+ I) 

u2-+ [—15120.Jc? + 6480 Je? — 129606! 

—86400%(c?—1)] 25920c°—17280c*. 


For a given value of c, there are two values of 4 for which A becomes equal to 
zero. In other words, through every tangent of the surface there can be passed 
two planes in general different from the tangent plane, such that their inter- 
sections with the surface shall be hyperosculated by their osculating conics. 
It is easy to verify that through every line which contains the given point P of 
the surface S, and which is not tangent to S at P, there pass nine such planes. 
Consequently, all of the planes whose intersections with the surface S are hyper- 
osculated by their osculating conics at the point P, generate a cone of the ninth 
class, which has the tangent plane as a septuple plane. The elements, along 
which this cone touches the tangent plane, are the asymptotic tangents, each of 
which counts as two, and the three Darboux tangents of quadric osculation. 
Among the plane sections just considered, for which C, = 0, there will be 
some for which C, also vanishes. Their osculating conics will have seven con- 
secutive points in common with them. They are determined by the simul- 
taneous equations A= M=0. It seems desirable, however, to replace the 
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equation M =0 which is not symmetrical with respect to J and J, by the 
equation 


N =M— 60cA = 0 
which is symmetrical. Put 
D =20(c —1)' — A, —c) + 45e(c? —1)(7 4+ Se’), 
EF = 360(c’—1), 
D' = —72(L, —c)?+72(K, + A + 
E = 4382(K, — c)'c® + 1080( KX, —c)c*? + 1620c(c® + 1)( + 
= — 4320¢( Jet + — 2160c° — 8640c* — 2160, 
G’ = 4320(c? +1). 
Then the two conditions for seven-pointic conics become 


Dy? + + Fe? =0, 
(39) 
Let us put 


(40) 
so that (39) become 
D+ Eem + = 0, 


D' + E'em+ F'e'm + 
We may eliminate cm between these two equations by SYLVESTER’s dialytic 
method. The resultant is 
\D E 0 
0 D 0 
(42) A=|0 0 F'\=0, 
D EF 0 | 
0D F 
which is certainly not of degree higher than 33 in c, as may be seen at once by 
noting that D, /, F are of degrees 9, 6, 3 and D’, LE’, F’, G of degrees 12, 
9, 6, 3 respectively. We shall see, however, that A is really only of the thir- 
tieth degree in c, and that it has c* as a factor. So that after division by this 
factor, there will remain an irreducible equation of the twenty-seventh degree. 
We shall show first that A contains c* as a factor. Let us put cm =u in 
(41) and interpret w and c as cartesian coordinates. The two curves (41) will 
have the point c = 0, w= } in common, as is easily verified. In fact for c= 0, 
both equations are satisfied by «= 4} and by no other common value of w. 


Let us put 
u—}=v. 


| 
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The two equations become 
(43) d+u+fr'=0, 
where 
f= F, 
= F' +46, g =G. 
If these coefficients be developed with respect to powers of c, we shall find 
d= —15Ic —18K,c? + (70 + 90K, + ---, 
e= 60 + 18020 4+120c°+---, f= — 360 + 360c’, 
(45) d= + (108K, — 1807" )c? — (T2L, + 180K, + 300)c®+---, 
360 + 180/ce + 10804, c? — (82404, — 2520)c® + ---, 


= — 4820/c — 6480c’, g = 4320 + 4320c’. 


We may now obtain from either equation of (43) a development for v in powers 
of c, and we shall find that these two developments agree up to the terms of the 
second order inclusive. These common terms of the developments are 


v= fle + (36K, — 457") 


the terms of the third order in the two developments do not agree in general. 
We see, therefore, that the two curves (41) have contact of second order at the 
point c= 0, w=}, consequently this point counts as three among the inter- 
sections of the two curves, and A must contain c* as a factor. In the same way, 
it may be shown, and moreover it can be seen without further computation, that 
ce = © must be a triple root of the equation A = 0, i. e., the coefficients of the 
three highest powers of c in A must vanish. The eliminant of the equations 
(41), therefore, reduces to the twenty-seventh degree. The three roots c= 0 
and ¢ = 0, which have just been removed from (42), obviously do not give 
proper solutions of the problem under consideration. The other twenty-seven 
do. In fact, if the surface considered were a cubic, a conic having seven- 
pointic contact with it would have to be entirely upon the surface. But owing 
to the existence of twenty-seven straight lines upon a cubic surface, there exists 
upon it a family of conics, of which twenty-seven pass through every point. 
Since in this special case twenty-seven seven-pointic conics actually exist, we 
see that our eliminant of the twenty-seventh order contains no factors strange 
to the problem. We conclude therefore that the following theorem is true: 
At a regular point of a non-ruled surface twenty-seven conics may be con- 


structed having contact of the sixth order with it. 


} 
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The discriminant of the equation A = 0, after removing the extraneous factor 
c’, is of the twelfth degree in c. Consequently there are twelve tangents 
through a regular point of a non-ruled surface for which the two hyper- 
osculating conics coincide. 


$4. Osculating and hyperosculating conics at a regular point of a ruled 
surface. 


If the surface S under consideration is a ruled surface the developmeat (10) 
breaks down. We may write in that case 


1 
(46) z=ay+a°+ Kyo’ + + + 6! L(x, y) 
where 
(47) L(w,y)= + 6L, + + 20L,a°%y' + 15L,2°y', 


the terms involving #° and y* being necessarily absent. More generally, if we 
denote by wu, the terms of the nth degree in the development (46), the coefficients 
of y" and y*~' in w, must be equal to zero. In fact, if the coefficients of ¥" were 
not zero, the line # = z = 0 which is a generator of the ruled surface could not 
be upon it. If the coefficient of y'~' were not equal to zero, the planes which 
contain this generator g, each of which is tangent to the surface at one of the 
points of g, could not be projectively related to their points of contact. 
(CHASLES’s correlation.) 


As before, let us cut the surface by a plane 
a= hu + my, 


and consider the projection of the curve of intersection 


ha + py — avy — — Aya? — — — 6! 


We shall find 
y = ke + le? + + not + po? + gqa®+---. 


where 
r r 
(48) p= + Kw? — + —2d), 


*Third Memoir. These Transactions, vol. 9 (1908), p. 299. 


| 

| 

| 
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and where (Z,—2/m)denotes L(1,—2/uw). The projection of the osculating 
conic becomes 
(49) ax® + Zhay + by’? + 2gu + 2fy = 9 
where 
(50) b= h=e(w—c)(2u—c), 
=—c'p, 

The locus of the osculating conics of all the sections whose planes pass 

through a fixed tangent, (X/u=c), is again a quadric surface, viz.; 


(51) 


We see that three of these quadrics pass through any point of space which 
is not in the tangent plane, while in the case of a non-ruled surface there were 
six. As in the general case, none of these quadrics is a cone except in the case 
when it degenerates into the tangent plane counted twice. 

Consider the plane sections of S whose planes have in common a fixed line / 
through the given point P when / is not a tangent of the surface. As in the 
general case, we denote by a, 8, y the coordinates of any point of this line 7 and 
put 

The locus of the osculating conics of these plane sections is the quintic surface 


(52) 2ayEn?— + + n?— BEn’+ an*] — 0, 


which has the origin as a quadruple point and is therefore rational, which has 
the given line l as a triple line, and which has the asymptotic tangent t of S at 
P as a double line. Moreover, the two sheets of the quintic (52) which have 
the points of t in common are tangent to each other and to the tangent plane 
of S throughout the entire extent of t. 

We find in this case 


2c 


[—(2+ A,c’? — + K,c*) + —c*], 


53 
08) {2—2A,c? + —2K,ct— si —c)} 


+ (—10c + 2K, ct — 4K,c°) + — 4e°]. 


Consequently there exist again two sections through every tangent, whose oscu- 
lating conics hyperosculate them. There are four tangents through P such 
that these hyperosculating conics coincide. The conics which have seven-point 
contact with the ruled surface at P are obtained by equating C, and C, simul- 
taneously to zero. Put again 


j 
Y 
c 
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so that the conditions C, = C, = 0 become 
D—3u+uv=0, 
D + — 44 = 0, 


D=24 Ke + 
3 

D'=2—2K,¢ + 2K,0— 2K, — 

—104 2K —4K,c*. 
The resultant of (54) is 
(56) D( D’=0, 
which is of the fourteenth degree, but may be easily shown to contain c’ and no 
higher power of ¢ as a factor if 
(57) 720K, —L, +0. 
We may therefore state our result as follows: At a regular point of a ruled 
surface there can be constructed, in general, twelve conics having contact of the 
sixth order with the surface. 


If the surface is a developable, the expansion of its equation in the vicinity 
of an ordinary point may be written in the form * 


1 in 


where A may be supposed to be equal to unity or zero, according as a certain 
differential invariant of the fourth order is or is not different from zero. In 
the latter case however there will, in general, be present in the development also 
one of the terms of the fifth order. We shall find incidentally the significance 
of the vanishing of this differential invariant of the fourth order as a conse- 
quence of the considerations which follow. 

If we maintain the same notations as in the other cases, we shall find, assum- 
ing that the secant plane does not pass through the generator, ( + 0), 


(59) 


whence we obtain 
(60) a=2(Ke'p’?—1), =2Kcey?, A=2Ke'w, 


* This is essentially the form of development given by DARBouX. But this may be further 
simplified in the terms of the sixth order and the geometry of the transformation suggests a 
number of questions which will be left for a future occasion. 

Trans. Am. Math. Soc. 20 
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as the coefficients of the equation of the projection of the osculating conic of the 
section of the developable made by the plane 


my, 


if X/ be denoted byc. The locus of the osculating conics, as the secant plane 
turns around a fixed tangent t determined by the ratio /u=c, is again a 
quadric surface 

(61) ch? —2’?+2=0, 


which, however, in this case, is a cone, and its vertex is a point on the y axis, 
which is independent of the value of c. The geometrical significance of the y 
axis in the development (58) is therefore apparent. It is of interest to notice 
that we obtain a single infinity of curves on the developable defined projectively, 
if we associate with each of the points of the surface as direction of progress the 
line which joins it to the vertex of the associated cones. 

If we consider the osculating conics of the sections of the developable S 
that are made by a plane turning around a fixed line l which passes through 
the point P of the surface, but which is not tangent to S at P, we shall find 
as its locus a ruled surface of the third order (a Cayley cubic scroll) if K is 
different from zero. 

If K vanishes, this surface degenerates into a plane and a quadric cone. 
This, then, is the significance of the vanishing of the differential invariant of the 
fourth order which was mentioned above. 


We find 


K 


(62) 4C0,=— (1 — 4ke* yp’), —c) —4Ke’. 
Consequently there will be, as in the general case, two plane sections through a 
fixed tangent whose osculating conics hyperosculate it, if K +90. Since the 
condition C,= 0 is of the fourth degree in c, and to each of these values the 
condition C, = 0 makes correspond two values of w, we see that there will be 
eight conics which have contact of the sixth order with a developable at any 
one of its ordinary points. 


THE UNIVERSITY OF ILLINOIS, 
URBANA, February 15, 1909. 


ON THE OSCULATING QUARTIC OF A PLANE CURVE" 


BY 


WILLIAM WELLS DENTON 


The quartic curve which has contact of the thirteenth order with a given 
analytic plane curve at one of its points will be called the osculating quartic. 
In this paper, its equation will be found in an invariant form, referred to a 
triangle which has a simple projective relation to the given curve. The method 
which we shall employ is due to Professor W1LCZYNSKI.+ 

Let there be given three linearly independent analytic functions of 2, 


(1) =f,(2), (x=1, 2,3). 


They may be interpreted as the homogeneous coordinates of a point P, in a 
plane. As x changes, P, describes an analytic plane curve C,. There exists 
a uniquely defined linear differential equation of the third order of which 
Yi Yos Y, form a fundamental system. Let this be 


(2) + py =, 


where p,, p,, p, are analytic functions of x. We may, therefore, speak of C, 
as being an integral curve of (2). But this integral curve is not unique, for 
every projective transformation of C, is likewise an integral curve of (2). 
Conversely, every integral curve of (2) is a projective transformation of C’. 
Hence the properties of C, determined by the coefficients (2) are common to all 
curves projectively equivalent to C,, that is, they are projective properties. 

The representation of a curve in the form (1), however, involves some arbi- 
trary elements. In the first place, since the codrdinates are homogeneous, a 
transformation of the form 


(3) Y=(x)y, 
where (2) is an arbitrary analytic function of x, does not affect the curve. 
Moreover, a transformation of the form 


(4) E(x), 


where &(x) is an arbitrary analytic function of x, merely changes the para- 


* Presented to the Society (Chicago), January 2, 1909. 
t E. J. WILCZYNSKI, Projective differential geometry of curves and ruled surfaces. Teubner, 
Leipzig, 1906, Chapters II and III. We shall hereafter refer to this work as Proj. Diff. Geom. 
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metric representation, without changing the curve. Those combinations of the 
coefficients of (2) and of their derivatives which remain unchanged under all 
transformations of the form (3) and (4), the so-called invariants, therefore char- 
acterize the projective properties of the curve independently of its method of 
representation. If such an invariant function contains also y and its derivatives 
it is called a covariant. 

It is convenient to consider the subgroup of the general group of transforma- 
tions defined by equations (8) and (4), which is obtained by leaving the inde- 
pendent variable x fixed. The invariant functions for this subgroup are known 
as seminvariants and semicovariants. Of these we shall need * 


(5) + PY, + + pry, 

as well as the following invariants : + 

(7) P,— 6, = 60,0,’ —7(0,)? — 27P,6. 
By a special transformation of the form (8) and (4), viz., t 


_ dz 
(8) Y= in” E(x), 


where &( 2) is determined by the equations : 


(9) E(x) =c, fo dx + ¢,, 


in which c, and c, are arbitrary constants, equation (2) may be reduced to the 
LaGUERRE-ForSYTH canonical form : 


(10) +P,y=9. 


The invariant functions above mentioned have then the following exceptionally 
simple canonical forms : 


(11) 
(12) 0, = 6P,P; —1(P,). 


Hereafter, we shall assume the differential equation in this form, and, for con- 
venience in writing, omit the dashes. We shall assume also that P,, in this 
equation, is not identically equal to zero. This requires only that C, be not a 
conic. 

* Proj. Diff. Geom., p. 58. 
t Ibid., p. 59. 

t Ibid., p. 25. 
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Let x, be the value of x which determines the point P,,, on the curve C). 
The point P,, whose coordinates are 


(«=1, 2,3), 


is a point on the tangent to C, at P,,;* and, if P,, is not a point of inflec- 
tion, the point P,, whose coordinates are 


d*y, 
|. («=1, 2,3), 


is not collinear with P,, and P_; so that these points determine a non-degen- 
erate triangle, semicovariantly related to the curve C,. Let this be taken as a 
triangle of reference. We may choose the unit point of our system of homo- 
geneous coordinates so that an expression of the form ¢ 


will represent the point whose coordinates are precisely x,, x,, 2,. 

Let « = x, be an ordinary point for the function P,; and, for convenience in 
writing, let «, = 0, since this assumption involves no loss of generality. Then 


for values of |x| sufficiently small, any solution of equation (10) may be expressed 
as a convergent power series, 


(14) G(x) =y(9) + wy (O)at +4... 
From equation (10), we find by direct differentiation : 


(15) = —a,y — 2a,z — ap, 


= —(a,—a’)y — 3a,z — 3a,p, ete., 
where we have put y= y(0),z=y(9), p=y"(0), a=P,, and where a” is 
an abbreviation for the nth power of the mth derivative of P, with respect to 
x. Putting G(a) in the form (13), we find the following equations, which 
represent the curve C, up to terms of the fourteenth order in the vicinity of the 
point P,,: 


a a, a, 


1 


1 1 
(4s — llaa, — 5a?) — 91 — 2laa, — 21a, a, + a*)x? 


* Proj. Diff. Geom., p. 54. 
+ Proj. Diff. Geom., p. 61. 


dy, 
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(a, — 36aa, — 42 21a? + 12a’ 
— {01 (4 — 86aa, — 42a,a,—2 a; + 12a’a,)x 


a, — 5Taa, — 78a, a, — 84a,a, + 39a,a? + 45aa?)a" 
11! 8 5 2 1 


1 
— {21 (a, — 85aa, — 1354, a, — 162a,a, + 105a’a, — 84a? 


+ 300aa, a, + 45a? — a*)x” 
1 
— 7431 (a,, — 220a, a, — 121laa, — 29Ta,a, — 330a,a, + 852aa, a, 
+ 2460’ a, + 4350? a, + 516aa} — 22a*a, ) 
(a,, — 166aa, — 341a, a, — 51Ta,a, — 62Ta,a, + 5190’, 
— + 2124aa,a, + 1287a?a, + 3054aa, <a, 
+ 13864, a} — 940° a, —1TTa*a?) 


2 8a... 1 1 
— — (4a, — a*) 2? — (5a,—Taa, 


(6a, — 18aa, — 12a?) — + a — 39aa, — 68a,a,) x" 


(8a, — T5aa, — 1444, a, — 84a) + )x" 
(16) - (9a, — 132aa, — 29Ta, a, — 896a,a, + 54a’ a, + x" 


(10a, — 21Taa, — 564a, a, — 855a,a, + 1590’ a, — 480a; 


+ 558aa, a, + 120a? — a‘) x" 
(114a,, — 888aa, — 1001a, a, — 1716a,a,—2145a, a, + 40507 a, 


+ 1728aa, a, + 185307 a, + 10T4aa; — 26a*a,)x"* 
3a, 


6 ud, 


1 
a’ — 3, (10a, — 
1 9 1 2 10 
— 9; (15a, — 9aa, — ( 214; — 27aa, — 21a; 


( 28a, — 66aa, — 132a,a, + 2" 
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1 


— (36a, — 141aa, — 342a, a, — 2164; + 18a’ a,)x" 


1 
— 731 (45a, — 278aa, — 780a, a, —1170a,a, + T2a,a* + 111aa?) 


1 
41 (95% — 490aa, — 1617a, a, — 2805a,a, + 231a°a, 
— 16500; + 924aa,a, + 231a? — 


Let Q(x,, %,, %,)=9 be the equation of the osculating quartic. If we 
should substitute into its left member x, = y, (« = 1, 2, 3), the coefficients of 
all powers of x up to and including the thirteenth would be equal to zero, and 
we should have fourteen equations for the ratios of the fifteen coefficients of Q. 
The equation Q = 0 has been obtained by the author in this way. The details 
of that solution, however, will not be given here, as the equation of the osculating 
quartic may be obtained more easily and in a more satisfactory form by another 
method. We wish, however, to emphasize the fact that the equations obtained 
by the two different methods have been compared, for the sake of checking the 
results presented here, and have been found to agree. 

By combining y,, y,, y, 80 as to eliminate the terms in x up to the fourth and 
eighth orders, inclusive, Professor W1LCzYNsKI has obtained as the equations 
of the osculating conic and cubic respectively : * 


(17) — 2x,2,= 0, 
(18) 7(15P, P?—20P; P}—567 P3) O, (x) +20[6P, P}—T( 
where 


(19) = 5 (2? — 2x,2,)( Pax, — + 


3 
(20) 0,(x) = — 2x, 2,)(21P,2, — —14P, 23. 


The curve 2, (2) = 0 has a special significance for our problem. It is the only 
cubic of the pencil of cubics having eight consecutive points in common with C,, 
which has a double point at , , and has therefore been called the eight-pointic 
nodal cubic. 

The work will be simplified if we introduce a system of non-homogeneous 
coordinates X, Y defined by the following equations: 

q, 


* Proj. Diff. Geom., pp. 63, 64. 
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in which 6, is an abbreviation for one of the cube roots of —a@/20. The new 
triangle of reference, given by (21), is characterized by the fact that if Y be 
developed according to powers of X, the development assumes the form: 


23 Y= X°4+ 4 X'4+.---+4 A“ +4 
) 7 14 


in which all the coefficients are absolute invariants. Professor WILCZYNSKI has 
shown that in order to obtain the canonical form (23) of the development, the 
triangle of reference must be chosen as follows: * ‘ One vertex is a point on the 
curve and one side of the triangle is the tangent at this point. The second side 
is the line upon which are situated the three points of inflection of the eight- 
pointic nodal cubic.. The third side is the polar of the intersection of the other 
two with respect to the osculating conic. The numerical factors, which still 
remain arbitrary in a projective system of coordinates after the triangle of ref- 
erence has been chosen, must be determined in such a way that the coordinates 
of one of the three points of inflection of the eight-pointic nodal cubic shall be 
(0,— V16,1), and that the codrdinates of the tangent to the cubic at this 
point shall be (21/16, 3//16?, 48).” We are thus dealing with a codrdinate 
system which has a purely projective relation to the curve C). 

We now proceed to obtain the development (23) explicitly up to terms of the 
fourteenth order. In addition to the two fundamental invariants @, and @,, it 
will be necessary to have explicit expressions for the following system of invari- 
ants of equation (10), obtained from @, and @, by the Jacobian process : 


= 30,0, — 86,6: = 0,0;, — 


8° 3? 3°12 12 
(24) 6,, =  0,,= 80,0; — 200,,0%, 


16° 3? 
From (12), we find : 
6,, = 2 a, — 3?aa, a, + 2° - Ta?, 
6,, = 2-3’ aba, — 3° a’ a, a, — 2°-3? a’? a} + 2" a, — 2°-Tat, 
= 2-38 ata, — 2-8-5? + 2°-3?- 310’ a? a, — 2?-3°-Ta’a,a, 
+ 2*-3°-Ta’a, a; — 2°-3 5aa? a, + 2°-Ta’, 


* Proj. Diff. Geom., p. 86. 
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= 2-3*a'a, — 2-3*- 1la‘a,a,— 2 -3°-6Tata,a, + 2-3°-647a° a? a, 
— 2°3'Ta* a} + 2?-3°-41a’a,a,a, — 2*-3*-13 -29a* 


— 2°-3*- 43a’ a? a? + 2" -3?-5aa} a, + 2'-3*- Ta’ a} — 2" -5-Ta’, 
6 


= 2+ — 2?-3*-Ta’a,a, + ata, — 2°-3°- 5’? a’ a,a, 


+ -893a* a} a, 

+ 2?-3*-15la‘a, a} — 2? -3?-16251a*a? a,a, + 2°-3°- a, 

+ 2°-3°-T- aja, + 2°-3*- 24414’ a? a} — 2*-3°- 230° a, a3 

— 2"-3-5-Taa?a, + 2"-5-Ta’, 

0,, = 2-3°a’ a, — 2°-3*-18a°a,a, + 2-3°-T-22Ta’ aia, — 

— aa, + 2?-3*-1288a°a,a,a, — 2 -3*-251a°a,a, 

— + 2’. 3°-4019a°a,a, + 2-3°.11T11a°a,a, a, 

— 2-3*-15la‘’a? + 2-3°-7 -2911 1a’ ata, — ai az 

+ + 2°-3°- a’ a} aa, 

— -3°- 7 1641Ta’aja? 

+ 2* —2* Tat. 
We shall also need 6,, = 30,0), — 320,,0;. These Jacobians, together with @, 
and @,, form a complete system (2) of invariants of equation (10), in the sense 
that any rational invariant whatever, involving 6, = a, and its derivatives, 
O\) = a,(i=1, 2---9), may be expressed rationally in terms of the invariants 
of the system.* Equations (25) show that a, a,, a,,---, @, may be expressed 
rationally in terms of the members of = and of a,. Since the coefficients a, in 
the development (23) are absolute invariants, when a and its derivatives have 
been replaced by the members of this system, the terms in a, involving a, must 
in the aggregate disappear. We may therefore neglect, at the outset, all terms 
involving a, ; and it will be understood that terms involving a, have been omitted 


from the right hand members of all the equations which follow, up to and 
including (31). Equations (22) now take the simple form : 


or more explicitly : 


3 3 3 


* Proj. Diff. Geom., p. 36. 


f 
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3 9 3 3 10 
+ (183aa, + a,)x° + i0! (a, + 2T3aa, + 3753a*)x 
388 413a?) 2x" 531 1512 
+ aa, + 413a})x + + 3laa, + a, a, 


+ 60165a’a,) x"? + (a, + T05aa, + 2586a, a, 


+ 118377a’a, + 15120} + 1017441a*) + 


9 


146 . 9 21 
+ 71 + g} (24, + 53a”) a* + 91 a,x? 


1 
+ 


6; 
12 ( ) 13 ( 


3 
+ 145080, a, + + 54, (12a, + 6867aa, 


+ 27195a,a, + 1069173a°a, + 160200? + 8580087a') a" + 


Reverting the series (27), we have: 


a (12a — a,) X? 


3 
w= — 4, — 4,6; 


i 


3 
— 31% O° + (447Taa,— a,)O07°X® + )(717aa, — 23058a* 


29 3 3 
(29) — + ii! (1097aa, + 973a} — a,) X" + i2 
+ 36360, a, — 4436910’ a, — a, +. ( 2298aa, + 64234, a, 


— 9858150’ a, + 36360; + 18311440a* — a,) 


Substituting this value of x in equation (28), we find the following symbolic 
expression for the development (23): 


6 


6 
+ ‘0 (630aa, — + (990aa, — 43848a* — a,) 


| 
304 
| 
| 
| (27) 
| + 8289a*) ax" 
(28) 
lla, + 4758aa, 
1 2 5 6 —5 7 6 2 —6 8 . —7 9 
Y=5X + — pa + (1050 — 91% 
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(30) 


6 
+ (1485aa, + 138603 — a,) + 131 ( 2145aa, + 5148a,a, 


— 8069220’a,— + (3008a, + 9009a,a, 


— 17412840’ a, + 51480? + 46540494a* — 


It remains to replace the quantities a, by the members of the system of invariants 
> of the differential equation (10). Solving equations (25) for these quantities, 


we find: 
a=0 


2-80,-a,=0,, 2-876-a,=8,,, 
2-378 
2?.3'65 = 20, + 670,,0, + 2-702, + 2-5763, 
97.3508 .a, = 2-86,, + 2?-5°6,,0, + 1510,,0,, + 3-1276,, 62, 

(31) 2?-8°6?-a, = 2-30, + 2-710,,0, + 2-3-5*-176,,02 + 2510,,0,, 

+ 3-15162, + 2°-3-1162,0, + 2-3-5?- 708, 


12°8 


2?.3768-a, = 2-80, +2-3-976,,0, + 8-1810,,0,, + 3-7 -798,,0,, 


24° 12 


+ 2-5? 1080,,02 + 2-76810,,0,,0, 


92> .3 116°, + 2.3- 23510,,63, 


where we still neglect to write the terms involving a,. The required coefficients 
a, are therefore the following absolute invariants : 


a, = 2-*.8-?. 719-7 , 
a, = — 2-83-5704), 
a, = 710-5 + 262), 
a,,= — + 70,0, — 2-8-5 -70,05), 
a,, = 11-10-20, + 676,,0, + 2-762, — 2?-3*-5 -116,,04 
+ 2-576 + 2°.87.7.2968), 
a,,= 6-1 (2-86,, + 2?-5°O,,0, + 1516,,4,, 
4 3-1276,,02 —2-3°.5-110,,0! — 2-85-11 -3762 64), 
2-5 -8-.5 -7-1.11-1. 18-16-62 (2 - + 2-710,,0, + 2518, 
15162, 42 1162, 


16° 8 12°8 
—2-8*- 11-18 -416,,0,0! + 2-8-5? 70! + 2?.3°- 17-2930, 63), 


(32) 
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7-2. 11-1. -978,,0,+3 - 
+ 8-7 -796,,0,, 2-5?- 1088,, 02 


+2-76810,,0,,0, — + 2°-8- 1163, 


16° 12° 8 16°83 


— 2-3*-5-117-130?, + +2 -3 68 
— 2?.3*.7-11-18-1703 — 28-3". 77-11-13 -416)?). 
Let the equation of the osculating quartic be assumed in the form : 
+ 6,,. VX ?+ + 


If we substitute the development (23) for Y into the left member of this equa- 
tion, the coefficients of all powers of X up io and including the thirteenth must 
be equal to zero, that is, we must have : 


§=5,=0, §,.+35,=0, 5,,+435,=9,  435,,+ 46,,.+5,.=9, 
+ $8553 + $5550. = 9, 5, + $8 + 355500 = 9, 

0,8, + + + = 9, + + + + = 9 
+ + 8.5 + + + = 9, 

0,55, + + (1 + + + + + = 9, 


a,, 8, > ( 2p > 2a,)6,, + + a, + 


+ + ( 1+ ) +> fa, =0, 
a,, 6, + + + 2a, ) + +> (4, + 2a, ) > fa, 
+ > + (fa, + + 34, =0. 
Solving these equations, we find : 
d,, d | 
=—2 d,, d,, 


(35) 3,,— 48; =8 


306 
f 
(34) 
d,s d,, d,, 
d,, d,, d,, | d,, 
d,, ds. di. ’ = 2| ds. ’ 
d,, ds, | d,, ds, d,, 


OF A PLANE CURVE 


d,,=a,—6, d,,=4,,—4, 4,—8a,, 
d,,=%,—2a?, d,,.=4,,—2a, a,—25—4a,4+12, 


d,,=4,,—2a, a, —4a,, d,,=0,,—84, 4,—822 , 


d,,=4,—%, 


d,,=4,,—34,4,+ 2a, , 4,-+ 


7 


; 
so that the equation of the osculating quartic is 
(8,5 — 48,55.)(2 — — 6,,.(X* + —2XV)V 
+ + 26,,,(X? —2V)X + 26,,(X?—2P) 


(37) 
)- 8a, — 8 (a, — 4)6,,.](X? — 


+[2a,(8,,— 48 


2222 
+64 [(4,— ) a, ] ( 4a, + 28.55 + XY=0, 
where all of the coefficients are absolute invariants. This is easily reduced to 


homogeneous form, if desired, by equations (22). Referred to the same triangle, 
the equations of the osculating conic and cubic are respectively : 
(38) x?—2VY=0, 
a,(2¥— X*—8XY") + 
9) + 


When a, = 0, (39) reduces to the equation of the eight-pointic nodal cubic. 

If we substitute the canonical development (23) of the curve C, into the 
left member of the equation (33) of the osculating quartic, we find that the 
coefficient of is 


a,,9, + 15550 + (a4, + 2a, + ar) 8,5 + + (a, + 2a,) +> (32,9 + 3a, ) 8555 


+ (45 + 2a, ) 8500 + $a, 85550 +> (34, + 


When this expression vanishes, the osculating quartic has fifteen consecutive 
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a@—4 a 4, 
d,, d,, d,, d,, 328.,, 
d, dy 
where 

(36) 
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points in common with Cat P,,, or, as we may say, hyperosculates C’ at that 
point. This condition may be put into the form: 


| d,, d, | 
‘a, d 


(40) K= = 0, 
| 43 
| d,, 
where 


d 
d. 


24 


— — — 3 — 

%, — 2a, a, — 4a, — a} — 24, 

= 2 _ Qa? 

= 4,,— 4%, — 2a,a, + 6a,— a,a7 — Zar, 
“(13 108 9 9° 7 3% 


d,,= 4,, + 6a,, —3a,,a, — 14a,a, — — 8a — 40a, — 144. 


If the invariant equation (40) is satisfied for all values of x, that is, at all points 


of the curve C_, this curve is itself a quartic. 


UNIVERSITY OF ILLINOIS, 
February 12, 1909. 
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NOTE ON A SYSTEM OF AXIOMS FOR GEOMETRY* 
BY 


ARTHUR RICHARD SCHWEITZER 


§1. 


In these Transactions, vol. 3 (1902), p. 142, E. H. Moore has given a 
set of projective axioms for geometry. In further development of the stand- 
point of Moore a system of axioms for three dimensional Euclidian geometry 
has been constructed by VEBLEN} by means of the “ betweenness” relation. ¢ 

A feature of VEBLEN’s system is that a planar axiom (axiom VIII, 1. c.) is 
necessary to establish the existence of an infinitude of points and to prove the 
theorem, “To any four distinct points of a line the notation A, B, C, D may 
always be assigned so that they are in the order ABCD.” In this note I 
give a set of independent axioms in terms of sameness of sense of dyads, 
abstractly expressed by a8Ky5§, which implies VEBLEN’s axioms I-VIII, but 
which does not require a planar axiom for the proof of the preceding properties. 
Of the two relations, sameness of sense and betweenness, one is definable in terms 
of the other; but the two definitions are not equally simple, as will appear 
below. 

§ 2. 


The axioms and definitions in terms of the relation K are as follows : || 


I. Axioms. 


1. There exist at least two distinct points.{ 
2. aBK** implies aBKBa.tt 


* Part of a paper presented to the Society (Chicago) April 14, 1906. 

t These Transactions, vol. 5 (1904), p. 343. 

{ VEBLEN expresses that B is between A, C by saying that A, B, C are in the order ABC; 
thus the triple A BC is an undefined symbol. In my theory of geometrical relations (which will 
appear elsewhere in extended form) the order ABC is expressed by the relational statement 
(ABC)R(ABC) ; i. e., A, B, Care mutually related. 

2 The K is a symbol of an undefined relation which may be read, ‘‘ the order a3 is identical 
with the order yd.”’ 

|| In the phrasing of the axioms I have found the systems of MoorE and VEBLEN instructive. 
Instead of the relation K between dyads a class of VAILATI relations between points may be 
used ; I show this in detail elsewhere. 

{| Greek letters are used to denote points. 

** That is, a8Kaf. 

tt The rule over the K is a symbol of negation. 
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8. aBKyé implies BaKdy. 

4. a + B implies the existence of £ such that either (afKaf8 and aEK€) or 
(aK 8a and aK Ef). 

5. implies yiKaf. 

5’. aBKén, EnKyé imply aBKyé. 

6. aBK, BEK, aBK BE imply 

6’. aBKyd,a+ 7, 8 + imply aBKay or aBKyc. 

7. aBK, ByK, yaK, a + B, 8 + y, a + ¥ imply the existence of &, y, such 
that &nK, CEK and EnK EC, EnK&n. 

8. aBK, ByK, yaK, a8K By, a8Ky8, a8KBe, BSKSy imply the existence of & 
such that and (SeK or deKS£) or (eEKSE or e&Ked) or (ESKed or ESKEe).* 


Il. Definitions. 
1. a is between By means, SyKay and ByK8a.t That is, BaKayK Ay, where 


the order of the dyadic terms, under the axioms, is immaterial. 

2. a is collinear with By means, ByKay or ByK8a. 

Thus, three points a, 8, y form a triangle if, and only if, a8K, ByK, yaK 
and ByKay, ByK8a. 

§ 3. 

By means of the preceding axioms, the following theorems may be proved. 

(1) a + implies 28K. 

By 4 we have a&Ka§8; by 5, 5’, aBK. 

(2) a8Ky6 implies a8BKdy, BaKys. 

By 5, 5’, a8Kyé implies 48K, yéK and hence by 2, a8K 8a, yiKSy. Now if 
aBKSy, since aBKyé we have by 5 and 5’ yéKéy, which contradicts axiom 2. 
Similarly we prove BakKyé. 

(3) a8K-yé implies a + 8 and y + 6. 

By theorem (2). 

(4) If a is between By then a is between yf and £8 is not between ay; also 
a, 8, are distinct. 

By definition 1 and the hypothesis we have ByKay and ByK8a; hence by 3, 
and y8Ka8. 

If 8 is between ay we have ayKa8 and ayKPy; hence by 5, 5’ 8yKa8, which 
contradicts ByK 8a by (2). 

From y8K-y2 and y8Kaf, by (3) it follows that a, 8, y are distinct. 

(5) If a+ then there is a. point £ such that 8 is between af, and a 
point &” such that a is between S&". 

* Under the axioms the terms of the major disjunctions are equivalent. 
¢t Compare with this definition GRASSMANN, Gesammelte Werke, vol. I, p. 7. 


tIn the demonstrations, numbers without parentheses refer to axioms of §2; numbers 
enclosed in parentheses refer to theorems. 
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By 4, if a + B there exists & such that 8 is between af; interchanging a 
and 8, we find by 4 a point &” such that a is between S&”. 

(6’) aBKy8, y + a imply a8K-ya or aBKay. 

Since by (3) y + A, there exists by 4, 5, 5’ a point & such that ySKAE, i. e., 
by 6, y8Ky&. From a8Kyf and it follows by 5’ that a8Ky&. Hence 
by 6’, since y + a and & + 8, aBKay or a8Kyz. 

(6) If & is collinear with Ay and & + f, y, then & is between Ay or 8 is 
between &y or y is between £8, and conversely. 

By definition and the hypothesis, ByK&y or ByKSE. If ByK&y, by (6’) we 
have ByKBE or ByKES. If ByKEB, by 5, 5’, 6, ByKEBKEy and hence is 
between fy. If by (6’), 3, ByK&y or ByKyé. If AyKASE and ByKéy 
then & is between By; if ByKSE and ByKyé then + is between Ef. 

Conversely, if — is between By then ByKBE; if 8 is between Ey, ByKE&y; if 
y is between ByKPE. 

(7) If y + 6 are collinear with af then < is collinear with 76. 

By the hypothesis and definition 2, a8Kay or a8Kyf and a8Kaéd or aBKép. 
To prove, yiK-ya or y8Kaéd. We distinguish four cases, labelled I, II, N11, 1V 
respectively. 

I. aBKay, aBKép. 

By (6’) a8K68 implies a8K6z or aBKaé. a8Kéa and a8Kay imply by 5, 5’, 
6, 3, yiKaéd. a8Kaéd and a8Kay imply by 5, 5, adKay. By (6’) adKay 
implies adKyé or adKSy; if adKSy, by 6, adKay and hence yéKya. 

Il. aBKay, 

Hence ayKaé; therefore by (6’) ayKyé or ayKéy. If ayKyé, then yéKaéd. 
If ayKéy then yéKya. 

Ill. a8Kyf, 

aBKyB8 implies a8Kya or a8Kay. If a8Kay and a8Kaé then we have II. 
If a8Kaé and a8Kya then yaKaéd, that is, yiK-ya. 

IV. aBKyB, 

aBKyB8 implies a8Kya or aBKay. For a8Kay and see I. If 
aBKya then yaKy8, a8Ky8. Also a8Ky8, imply yS8Ké8; hence 
or yBKby. If since yaKy8, yaKyé and hence yiKya. Sim- 
ilarly, if y8K8y then yéKaéd. 

(8) There exists an infinitude of points. 

By axiom 1 and the repeated application of 4, using 5, 5’ we find points 
E,, &,---, & such that 


aBK AE KE EK... KE 


By axioms 6 and 2 the points ,, &,, ---, &, are distinct. This proof, of course 
involves the principle of induction. 
The proof of the order theorem mentioned in § 1 is easily obtained by prov- 
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ing VEBLEN’s six lemmas, l. c., pp. 356-357 with the aid of 1-6’ only ;* a direct 
proof is also readily given. 
§4. 


The independence systems for axioms 1-8 are very simple. We denote by 
S, the set of elements such that in this set axiom i (i = 1, 2, 3,---, 8) is con- 
tradicted and the remaining axioms are satisfied or non-effective. 


S,. 
One point, 1, such that 11K. Axiom 1 is contradicted; the remaining axioms 
are non-effective. 

Two points 1, 2, such that any two dyads (identical or not) of the following 
set are in the A relation: 11, 22, 12,21. Axiom 1 is satisfied; axiom 2 is 
contradicted ; axiom 3 is satisfied. Axiom 4 asserts 1 + 2 implies the existence 
of & such that 1&K12 and 1EK2€é or £1K21 and £1K£2; thus we may put €=1 
or 2 and hence axiom 4 is satisfied. Axioms 5, 5’, 6, 6’ are easily verified. 
Axioms 7 and 8 are non-effective. 


S,. 


3 


A line: ¢ a8K if, and only if, a precedes 8 and y precedes 6; aBK 
if, and only if, « precedes 8. Axioms 1, 2 are satisfied ; axiom 3 is contradicted. 


Axiom 4 is satisfied: the terms of the disjunction are mutually exclusive. 
Axioms 5, 5’, 6, 6’ are satisfied. Axioms 7, 8 are non-effective, since «8K, 
AyK imply ayK. 

S,. 


4 
Two points, 1, 2, such that 12K, 21K, 12K21, 21K12. Axioms 1-3 are 
satisfied. Axiom 4 is contradicted. Axioms 5, 5’ are satisfied. Axiom 6 is 
non-effective, since 12K21,21K12. Axiom 6’ is non-effective since only 12K, 
21K. Since there are only two points axioms 7, 8 are non-effective. 


Two points, 1, 2, such that 11K 12, 11K21, 12K11, 21K11, 22K21, 22K12, 
21K22, 12K22, 11K, 12K ,22K,21K,11K22, 22K11. Axiom 1 is satis- 
fied. Axiom 2 is non-effective. Axiom 3 is satisfied. Axiom 4 is satisfied 
since 1 + 2 implies 1, 2 such that 11K12 and 11K21 and 22K21 and 22K12. 


Axiom 5 is contradicted. Axioms 5’—8 are non-effective. 


Two points 1, 2 such that 11K12, 12K11, 22K21, 21K22, 11K21, 21K11, 
22K12, 12K22, 11K, 12K, 22K, 21K, 11K22, 22K11. Axiom 1 is satisfied. 


* As in the case of the preceding theorems, axiom 6 is used here only through theorem (67). 
t The notation S; is due to DicKsoNn, these Transactions, vol. 4 (1903), p. 16. 
Rivista di Mutematica II, pp. 71-75. 
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Axiom 2 is non-effective. Axiom 3 is satisfied. Axiom 4 requires that 1 + 2 
implies the existence of £ such that 1€K12 and 1€K2é or £1K21 and £1K€2; 
hence we may take £=1. Similarly, we must have & such that 2&K21 and 
2EK1£ or £2K12 and &2K£1; hence we may take §=2. Axiom 5 is satisfied, 
axiom 5’ is contradicted. Axioms 6-8 are non-effective. 


&.. 


6 


Seven points, 1-7, arranged in the following two sets of 21 dyads each: 
I | II 
12, 23, 34, 45, 56, 67, T1 | 21, 32, 48, 54, 65, 76, 17 


13, 24, 35, 46, 57, 61, 72 | 31, 42, 58, 64, 75, 16, 27 
41, 52, 68, 74, 15, 26, 37 | 14, 25, 36, 47, 51, 62, 73 


a8Ky6 if, and only if, a8 and ¥é are both of set I or both of set II. aK if, 
and only if, a is of set I or of set II. Axioms 1-5’ are satisfied. Axiom 6 is 
contradicted. Axioms 6’—7 are satisfied ; axiom 8 is non-effective. 


Sy. 


6 
A cartesian plane having rational coordinates ; a8Kyé if, and only if, «8 and 
v6 are two parallel segments similarly directed. Axiom 6’ is contradicted. In 
verifying the remaining axioms we note that two parallel segments are collinear 
if they pass through the same point, and that any segment is parallel to itself. 
We observe that the property expressed by theorem (6’) under § 3 is verified.* 


S,. 


7 
A cartesian line having integral codrdinates ; a8Kyé if, and only if, the seg- 
ment a8 has the same sign as the segment 76. 


S 


8° 


A cartesian plane having integral coordinates. 


§ 5. 


To define a8Kyé in terms of VEBLEN’s order, we find it desirable to introduce 
a point. We define as follows: 

means, 1°. There exists a such that and y5£) or ( Sak and dy£). 

2°. The existence of such that a8& and implies or and the 
existence of such that and Syé implies or dak. 


*This remark is important if we wish to extend axioms 1-8 to a set of axioms for Euclidian 
geometry (cf. VEBLEN, loc. cit.). Such extension may easily be made either by retaining axiom 
6’ as stated, or by substituting for the latter an axiom with the content of theorem (6’). In 
each instance the parallel axiom will have a corresponding phrasing, and the relation K may be 
interpreted respectively by sameness of sense of (collinear) segments, similarity of direction of 
(parallel) segments. 
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In virtue of this definition it might seem that we could establish a corre- 
spondence between “sameness of sense” properties and “ order” properties. 
This view seems, however, largely unprofitable ; for example, that three points 
are collinear can be expressed much more concisely in terms of order than is 
inferred by this correspondence from the definition in terms of the relation K.f 
Thus it does not seem possible to convert definitionally one system of axioms 
into the other and to retain that elegance which is peculiar to each individual 
standpoint. 


+ VEBLEN, L. c. 
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IRREDUCIBLE HOMOGENEOUS LINEAR GROUPS IN AN 
ARBITRARY DOMAIN* 


BY 
WILLIAM BENJAMIN FITE 


I have given elsewhere a necessary and sufficient condition that certain cate- 
gories of abstract groups of finite order be simply isomorphic with irreducible 
homogeneous linear groups in the domain of all real and complex numbers.t In 
the present paper I establish a two-fold generalization of this result by showing 
that the same condition applies to all groups of finite order and to an arbitrary 
domain. 

The proof for the necessity of this condition rests upon a conclusion drawn 
from Theorem II of Scuur’s Neue Begriindung der Theorie der Gruppen- 
charaktere.{ 

Suppose that we have a homogeneous linear group G of finite order whose 
coefficients belong to © (an arbitrary finite field or an arbitrary domain) and 
which is irreducible in Q. If P isa given substitution on the same / variables 
as G with coefficients in 0, the equation 


|P—2E,| =0 


is an equation in the unknown z with known coefficients. If this equation has 
a root in 2 and if P is commutative with every substitution of G, ScHur’s 
proof of his Theorem II applies, therefore P must be a similarity substitution. 

If © is any finite field, say the G/’[p”], then in the field F,, which is the 
aggregate of all the fields§ GF'[p'] (i = 1, 2, ---), G can be so transformed 
that in the matrix of every substitution of its central #7 all the elements below 
the main diagonal are zero. If © is a domain, the same result can be accom- 


* Presented to the Society, in a somewhat different form, December 31, 1908. 

+ Transactions of the American Mathematical Society, vol. 7 (1906), p. 65; 
Bulletin of the American Mathematical Society, vol. 14 (1908), p. 327. 

{Berliner Sitzungsberichte, 1905, I, p. 410. 

2Cf. Dickson, Transactions of the American Mathematical Society, vol. 8 
(1907), p. 389; Bulletin of the American Mathematical Society, vol. 13 (1907), 
p. 477. 
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plished by passing to the domain of all real and complex numbers.* In this 
transformed form of G no two substitutions S, and S, of 7 can change x, into 
the same function, since, if this were possible, S, S;' would leave «, unchanged 
—that is, one of the multipliers of S,S;' would be unity. But, since this 
substitution is invariant in the irreducible group G, our conclusion from 
Scuur’s Theorem shows that this is possible only in case S, Sy’ is a similarity 
substitution with its multipliers all equal to unity —that is, in case S, Sy' is 
the identical substitution. But S, and S, were taken as distinct substitutions. 

{f now / is of order p* -- - p*, where p,, p,, p,, ave distinct primes, 
it is the direct product of groups H/,, ---, of order p*, ---, p%, 
respectively; and it follows from what has just been proved that /7,(i=1, 2, ---, 7), 
can contain only one subgroup of order p, and is therefore cyclic.¢ Hence H 
is cyclic. 

Suppose now that G is any group of finite order g with a cyclic central gen- 
erated by the operation A of ordera(>1). If we write G as a regular permu- 
tation group / will take the form 


where y=g/a. If now we write this permutation group as a homogeneous 
linear group and then transform it by the substitution 


a 
op 
S: Lins 


k=1 


where @ is a primitive ath root of unity, / will be transformed into its normal 
form. Moreover in this transformed form of G the variables 


(j=1,2,---,a) 


are transformed among themselves in semi-canonical form.{ We shall denote 
the group formed by the substitutions on these variables by G;. If j —1 is 
relatively prime to a, G, is simply isomorphic with G. 
If G were not simply isomorphic with any irreducible group in C (the domain 
of all real and complex numbers), then when G, (j — 1 relatively prime to a) is 
ompletely reduced in C there must be some irreducible component such that 
«hen all the irreducible representations of G that are equivalent to this 


"Cf. WEBER, Algebra, II (second edition), pp. 172, 173; 176-178. This discussion of 
er’s is with reference to the domain of all real and complex numbers, but the processes 
deserved are valid in the field F,. 

7 Purse: ne, Theory of groups of finite order, pp. 73, 75. If pi—2, Hi could not be the non- 
cyclic g:oup with only one subgroup of order 2, since this contains more than one cyclic sub- 
group of order 4 

{Cf. Transactions of the American Mathematical Society, vol. 8 (1907), p. 108. 
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one (in number equal to the degree of each one* ) are taken together, there is an 
r,, 7, isomorphism between the group formed by these representations and the 
group in the remaining variables, and r, > 1, r,>- 1; since otherwise G would 
be simply isomorphic with some irreducible group. Call these two components 
L, and L, respectively and let their orders be denoted by /, and /, respectively. 
If H, (i =1, 2) is the subgroup of L, that corresponds to identity in the other 
component, //7, can contain no invariant substitution of Z,, except identity, since 
every invariant substitution G’, is a similarity substitution. Now each irredu- 
cible component of L, is of degree at most V/,/a, since each such component is 
of order 7, and contains at least a invariant substitutions. But by virtue of 
the manner in which G, is formed from Z, and LZ, we must have g = r,r,-/,/r, 
and 7, =g/r,. Then the number of variables in Z, is at most g/(ar,). 

Any substitution of //,, such as ¢ of order b, when combined with identity of 
H, gives a substitution of G, that has at least g/a — g/(ar,) multipliers equal 
to unity. Now there are ¢(a) values of j such that 7 — 1 is relatively prime to 
a and there is a similar substitution in each G, corresponding to these values 
of j. These similar substitutions combine with one another and with a certain 
substitution from every G, (j — 1 not relatively prime to a) to form a certain 
substitution of G of order b. 

Since every G, is in semi-canonical form, in any substitution of G, the vari- 
ables are permuted among themselves (except for certain coefficients). If now 
j—1 is not relatively prime to a, the cycles of the permutation in a substitu- 
tion of G, that corresponds to a non-invariant substitution of G must all be of 
the same order, since otherwise a certain power of this substitution that is not 
invariant in G would change the variables of at least one of the sets of variables 
into themselves multiplied by certain constants. This means that in the regular 
permutation group there would be a non-invariant operation that leaves some of 
the systems of intransitivity of unchanged. But this is impossible in a regu- 
lar group. Hence in G, (j —1 not relatively prime to @) the variables of ¢, 
(the substitution that corresponds to ¢) are permuted among themselves (except 
for certain coefficients) in cycles of order b. The characteristic determinant D, 
of ¢, is then the product of g/ab determinants each of order 6: 


D, = {(—1)'—(—1) }. 


J 


Hence ¢, has g/ab multipliers equal to unity. The total number of multipliers 
that equal unity in the substitution of G that corresponds to ¢ would then be at 
least 


(2-2) +4 


ar, 


* BURNSIDE, Acta Mathematica, vol. 28 (1904), p. 383. 
{ Transactions of the American Mathematical Society, vol. 7 (1906), p. 67. 


318 FITE: IRREDUCIBLE LINEAR GROUPS 


But this number is greater than the actual number of multipliers of this substi- 
tution that equal unity, namely* g/b, provided r,>2. However, if r, = 2, 
H,, would contain only one substitution besides identity. This substitution 
would be invariant in ZL, and would combine with identity of Z, to form an 
invariant substitution of G, that is not a similarity substitution. 

Hence G must be simply isomorphic with an irreducible group in C. 

If G has no invariant operation except identity, we can form the direct 
product G of G and an operation / of order a(>1). It follows from the 
preceding discussion that G is simply isomorphic with an irreducible group in C. 
The subgroup of this irreducible group that corresponds to G must also be irre- 
ducible, since otherwise, in view of the fact that the substitution corresponding 
to h is a similarity substitution, the group that is simply isomorphic with G 
would be reducible. 

Hence any group of finite order with a cyclic central is simply isomorphic 
with a homogeneous linear group that is irreducible in C. But every irreducible 
representation of G (in C) is equivalent to one of the irreducible components 
of the regular permutation group that is simply isomorphic with G when this is 
written as a homogeneous linear group.t If now no irreducible component of 
this latter group in any domain 2 were simply isomorphic with G’, then no irre- 
ducible component in C could be simply isomorphie with G. 

We can formulate the results of the preceding discussion into the 

THEOREM. A necessary and sufficient condition that any group of finite 
order be simply isomorphic with an irreducible group in any domain is that 
its central be cyclic. 

It should be remarked that the sufficiency of this condition is established only 
for an arbitrary domain, whereas the necessity of it is established also for any 
finite field. 
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ON THE INTEGRATION OF THE HOMOGENEOUS LINEAR 
DIFFERENCE EQUATION OF SECOND ORDER’* 


BY 


WALTER B. FORD. 


I. Introduction. 


1. It is proposed in the present paper to study the behavior for large positive 
integral values of x of the general solution of the equation 


(1) 0, 


the coefficients a,(x), a,(”), @,(x) being given functions (real or complex) of x 
and subject only to conditions relative to the form taken by the expression 


4 a,(x)a,(2 +1) 


a,(x)a,(% + 


when x is very large.t The general results are summarized in Theorem I, 
after which application is made to the following special equation considered by 


Horn: 

=9, 
where & is any integer, positive, negative or zero and P,(x), P,(x), P(x) 
are developable asymptotically (or as convergent series) in the form 


a+ (lim o,(z)=0). 


x 


b 


The results obtained for this type of equation are stated in Theorem II and are 
shown to be in accord with those obtained by Horn. Also certain results addi- 


* Presented to the Society (Chicago) April 17, 1908. 

¢ Papers relating to this subject but placing more restrictive conditions upon the coefficients 
have been published by Horn, Mathematische Annalen, vol. 53 (1900), pp. 117-192, 
and by the present author, Annali di Matematica, series 3, vol. 13 (1907), pp. 313-328. 
For a summary of literature concerning equations of form (1) see BARNES, Messenger of 
Mathematics, vol. 34 (1904), p. 53. 

t Loc. cit., p. 190. For simplicity we shall here confine ourselves to equations of order 2, 
whereas HorN considers similar equations of any order. A generalization of our results to any 
order is immediate, in view of the general character of the investigations contained in the 
above mentioned memoir in the Annali upon which the present paper depends. 

319 


320 W. B. FORD: INTEGRATION OF [July 


tional to his are to be here found, and application of these is made in §11 to 
the study of the behavior of Legendre’s function of the first kind P, for large 
values of n. 


II. Reduction of the Equation. 


2. We shall first show that in case a,(x) + 0, a,(2) + 0 for al) x =a = con- 
stant, * the study of equation (1) may be made to depend upon that of a certain 
linear difference equation of the type 


(2) A*’y(x) + 


in which a(x) depends only upon a,, a, and a, and is defined for all x => a. 
In fact, if one places w(x) = ¢t(a)y(ax), equation (1) becomes 


or, since 


= +2) — 2Ay(x +1) + 
the same equation becomes 
— + 1) + + 1) 
+ + 2) + +1) + + 2) = 0. 


Let us now choose the heretofore undetermined function ¢(a) in such a man- 


(3) 


ner that the second coefficient of (3) vanishes : 
(4) a,(x)t(a+1)+ 2a,(x)t(x) = 9. 


The function ¢(x) thus becomes determined,} except for a constant factor, by the 


equation 


(5) «(x)= 


since a,(x) + 0 for «=a. Moreover, from the hypothesis a,(x) + 0 it fol- 
lows that ¢(2) + 0 and hence also a,(x)t(x) + 0. 
Consequently, equation (3) may be reduced to the form 


(6) A*y (x) + (x=e), 


i. e., to the desired form (2). 
3. We shall now make the assumption that 4(a@,/a,)_.(a,/a,),,,— 1 for large 
values of « has the form — v*— $(x) — O(a), where » is a constant (real or 
* Throughout the paper it will be understood, unless otherwise stated, that z= «a —a suffi- 


ciently large constant. 
t See Booue’s Finite Differences, Chap. IX, 36. 


— ( — 2a, ) 
a, | 
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complex) and v(v* — 1) + 0, where also ¢(x) is a function of x of the form 
/xt**, in which and 6 are constants with 0 < 6= 3, and where is any 
function of x such that the series 


|9(,)| 


converges. For example, the function @(x) may be taken as any function of 
the form g(x)-7(x)/x, where |g(x)|<c¢=const. and r(x) is one of the 
functions 

1 1 1 


x?’ (log a)'*”’ log a(log, )'*”’ 


In particular, we observe that the above hypotheses are realized whenever the 
original equation (1) has coefficients a,(#), a@,(2), @,(#) which are developable 
either in the form of convergent power series in 1/x (#=a) or, more gener- 
ally, as asymptotic series in 1/2. 

Equation (6) thus becomes 
(7) A*y (x) + + 

In the study of this equation we shall now make use of Theorem II of the paper 
entitled Sur les équations linéaires aux différences finies,* using without 
further remark the results and notation there found. 

In the present instance let us choose the auxiliary functions z,(#), z,(a) as 
follows, for reasons which will appear presently : 


(8) (1474+ $(2,)/2r), 2,(x)= I (1 —v—$(a,)/2r). 
Then 
(9) Az(a) = (v + (a), = + + E,(x))z,(x), 


where 


1 


x+1 x 


Vv 


From our hypothesis respecting ¢(a) it appears directly that &,(a) has the 
character of one of the functions 6(a) mentioned above. 
Likewise we have 


Ac,(x) = —(v+$(x)/2v) = + 


where £,(a) has the properties of (a) just mentioned and is obtained from it 
by changing v into — v. 


*Annali di Matematica, loc. cit., p. 301. The expression anaes | Um ( 2, )| there occur- 


m=n 


ring should be replaced by | um (2, ) |. 


E(2)= (x) + 4y 
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Equations (8) and (9) together with those just noted give the following values 
for the expressions A(x), Q(x), f(x), f(x), P(x, 2,), ¥(x,2,), 
and (x) which occur in the statement of the above mentioned Theorem II: 


(10) Q(x) = + 
(11) A(x) =c,2,(%) —¢,2,(2), 
(2) =[— — ]z,(x) + (x) =[ — O(a) ]z,(x), 
1 
2 (v+ + 1)/20) 
Moreover, since lim, _,¢(x,) = 9, v(1 — + 0, while 0(x,), &(,), &,(2,) 


have the properties above mentioned, we now see that 


+1)2,(a +1) 


(12) 


(13) q(x, 


(2, 2, ) 
(14) 


z,(x+1) 


where |s,(a,)| and |s,(a,); are less than some assignable constant, and @(2), 
though not identical with the @(«) of (7), has the properties before described of 
that function. 

Finally, we have 
(16) V(x, 2,) = A(x, 2,) 
and 


—1 
(17) F(2)= Q(x +1) 


Ill. The special case + =|1— |. 

4. Let us suppose in the first place that |1 + v|=|1—v| and that 
=|1—v—¢(x)/2v|=p,, (r=a). For this case 
|z,(#)| = |2,(a)|. Whence if we place 
(18) G(x)=[Ip, 
we may write 

G(x) 

(19) 


where | @, (x, x,)| << 2, = const. 
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Similarly we have 
(20) A(x+1)= G(x) [e,7,(x) +¢,7,(x) ] 
where |7,(x)|=|7,(x)|=1. Whence, by (16), it follows that 
(21) V(x, x,)=,(x, 


where |@,(x, x,)| <2, = const. 
Equations (19) and (21) having been obtained, we turn to consider the series 


(22) | uy + + (@)] + 


Referring to the definition of the term w,,(x) given in the before mentioned 
Theorem II, we have in the present instance 


where forx, ,---=a2,=2 =a we may write 
m m—1 m—2 1 


Relations (23) and (24) now enable us to show that the three conditions (a), 
(b), (c) of the theorem are here fulfilled. Condition (a) is fulfilled inasmuch 
as we have 

< G(x) 97" 0,W(x), 
where 


2 


2 


and this expression has a meaning by virtue of our hypotheses concerning the 
function 
As to condition (4), let us put 


5) 6,(2)= 
Since 6,(a) becomes arbitrarily small for all values of x sufficiently large, the 
term u, (x) takes the form 
(26) uU,, = G(x) 
where 
(27) < Q,|6,(x)|™. 
Whence, if a be sufficiently large, we shall have 


(28) |w,,(2)|< G(ax)k", k = const. < 1 
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Thus the series (22) converges for x = a to a value U(x) such that 


k 
(29) U(x) G(x), 
By virtue of (19) and (20) we may now write 
|D(x, x,)|U(x,) = 2,)G(x), 


where 
 (2,=const., za, x, 
Thus the series 


P(x, 


converges. 
Finally, the expressions F'(x,) f(x,), (7 =1, 2), of condition (c) are to be 
considered. We obtain in the first place from (17) and (29) 


A(x+1 (2) 
(30) = (Gata) + 


But from (10) and (11) we have 
(31) A(x+1) v ( c ) B,(x) 


2v°+ 2,(2+1) G(x) 
where | 8,(2)| < 8, = const. 

Similarly we obtain 


G(x) _ 
Q(x + 1) 


B,(x 
G (a) 


(32) ). 


Whence follows 
V(x)= 8, const. ). 
Moreover, we have from (12), 


= 7) G(x)|O(x)| 


where | 8,(x, 7)| <8, = const. 
Thence, noting that p, + 0, we have 


V(x) f,(2) =B8,(2, r)|O(x)| r)|<,=const. ), 
and, therefore, the expressions 
(r=1, 2; 22a), 


have a meaning. Thus all the conditions of Theorem II become fulfilled. 
Moreover, the function y(x) of (29) has the properties of the function @, (2) 


[July 
(22a) 
(r=1,2), 
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defined in (25); i.e., lim,_, y(~)= 0. Consequently from (30), (31) and (32) 


we have 


v C, 


where x = a, lim,_, (x) =0. 

Upon applying now the result of Theorem II we find that the general solu- 
tion of (7), under the present hypotheses respecting v, ¢(x), and @(2), will 
have the following form when x = a for sufficiently large a: 


k(1+e¢(#)) &(1+¢(z)) im ¢ (2) = lim =0), 


k,, k, being arbitrary constants. Since also 


( lim 7 (x) lim 7,(z) =0), 


this may be thrown into the form 


k,(1+ (a k, (1+ €,(#)) (lim ¢,(2) = lim =0). 


IV. Derivation of a first integral for the generai case. 


5. We turn now to consider the cases in which |1 + v|+|1—v|. Placing 
p, =|1+v+¢(x)/2v| as before and also placing ¢, = |1—v— $(x)/2r| 
and 


(35) H(x) = li «., 

we shall have = 

Thus, from (15) we obtain 

H (x) G(x) H(2x,) 


G(x, )H(a Pr; Prt 
Let us now suppose #, >a = a and let us consider v to be that square root of 


v in (7) for which |1+v|>|1—v|. Then the factors in the right hand 
member of our last equation will each be less than 1 and we shall be able to 


= A,(z, 2 4 )1=1). 


P(x, ) 


write 
H 
(36) P(x, @,(2x, w,)|O(x,)| (= 


H(x (x, )|<2, = const. ). 
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As regards the function 
V(x, x,) = A(x, = +1) —e,2,(2, + 1)] 2,), 
let us take in the present instance c, = 0. Then 


(ir(z)|=1), 
so that 


(37) W(x, x,)H(x)|O(x,)| |< 2,=const. ). 

We may now proceed as in the former case. Thus we have in the first place 
(38) u,,(#) = Ha) V,(«) (220), 
where V,,(2) has the properties indicated in (27), whence also 


(39) |w,,(%)| <H(a) k" (k=const. << 
and 


40-7 od 6, (x) 


Thus in place of (34) we now have the solution 


_ (1+4(2)) lime,(z) =0), 
(40) y, (2) = z, (a) ( ) 


V. Derivation of the second integral. 


6. Having obtained but a particular solution y,(x) of (7) when 
|1+v|+|1—v], we proceed in the present section to obtain a second 
solution and therewith the general solution. 

For this purpose equation (7) may be written in the form 


(41) — y(w + 2) — 2y(w +1) + 
If now u(x) and v(x) be any two linearly independent solutions of the equation 
(42) 


we have, after placing for brevity a,(2)=a,, ete., and u(x+1)=4u,, 
u(x +2) = ete.: 
a, (u,v, — U,v,) + u,v, — u,v,) = 9 
and hence 
— U, 2, 


U 


Therefore, for any fixed integer a we obtain 
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pratn—2 a,( p) 
Il 


(n=2, 3, 
ap) 


where c is a constant as regards n. Whence 


u(a+tn) u(a+1) 1 
v(atn) v(a+1) v(atm—1) 72, 


Thus, if v(x) be looked upon as a known solution of (42), the solution w (2 ) 
may be expressed in the following form for all values of x = a +n, a being a 
constant : 
(43) u(r) + 
where 

= 1 
v(a +m)v(a+m—1) a,(p)' 


We proceed to study the properties of S, for large values of m in the case of 
the special equation (41), for which one solution v(~) = y,(x), given by (40), 
is known. 

Thus we have in the present instance 


1 p=a+m—1 


(1404 
pra 


(lim ¢,=0), 


$( p) 
(44) ) 
and from (41) 
a,(p) _ 1+, 


a,(p) 


| 
~ 


Ti (14» (1 — 95?) 


where 


Thence, 


p=a 


Moreover, by virtue of our hypotheses upon ¢(2) and @(2), the series 


|», | 


p=a 
is convergent, and hence it follows that 


p=at+m -2 
(46) Il (1+9,)=4,(1 +¢€,) (k,=const., limén=0). 


Trans. Am. Math. Soc. 22 
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Upon making use of (44), (45) and (46) we find that the mth term of S, is 


of the form 
p=a+m—1 


$(p) 

I] (1494 
b(1 = (lim ¢,, = 0). 
2 m/ p=a+m—2 m) 


II 


pra 
The expression S, may therefore be put into the form 

(47) 
where 

2, (a+ n)2,(a+m) | + 
which we may now show directly to be of the form /, + €, where k, = const. 
and lim,_, €,= 9. In fact, we may write 


man—p-t \ z,(a + m)z,(a+ 2) 
s,=( 2 Rate 


m=1 m=n—p 


where the first sum appearing on the right evidently approaches a limit by 
virtue of (8) when n = oc, while by taking p sufficiently large the second sum 
may be made less in absolute value than any pre-assigned positive quantity e, 
whatever n may be (xn > p +1), since 
= const. <1). 
Availing ourselves of the form just established for S’ and recalling the 
definition of v(a +n), we see from (47) that 


+ + ¢(#)) (lim én = lime(z)=0). 
v(x)z,(x) n=0 z=0 


Placing this value in (43) and recalling that the expression c, v(x) = c¢,y,(x) 
there appearing is itself a solution of (41), we obtain the following second 
solution linearly independent of y, (« ): 

k, (1+ €,(a)) (r= 


Y,(2)= 2,( 2) 


Our results may now be summarized in the following general theorem : 
Theorem 1: Given the equation 


whose coefficients (real or complex) are defined for all positive integral values 


of x sufficiently large (x = a), and satisfy for such values the conditions : 


{ 
| 
| 
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(1) a,(@), a,(a), never vanish. 
(2) The expression 
a,(x)a,(2+1) 


a,(@)a, (2+ 1 


has the form — —O(x) where v, & are constants such that 
0<6 =} and v(1 — v*) + 0 and where 0(x) is any function of x such that 
the series 
|9(#,)| 
converges. 


Then if \1 + v| +|1 —v|, there are two particular solutions of the equation 
having the forms 


in which 


(x)= J] ( 2%,(x)= II Dy z(x)= [] {1—»— 
When |1 + v| =|1 — | the result continues to hold true provided that 


b(n) 
2v 


=a. 


1+v+ 
VI. Application to the equation considered by Horn.* 
7. We proceed to apply the above theorem to the study of the solutions 
u(a) of the equation, 
(48) 
where & is any integer, positive, negative or zero and P,(x), P,(x) and 


P(x) are either convergent series for all sufficiently large values of ~ or are 
developable asymptotically in the form 


Pr + @,(#) (lim (x) =0)- 


n = 
x 


24 $4 


For this purpose we begin by making the transformation u(x) = [I'(x)]*y(z). 
Thus equation (48) takes the form 


b c 
(4424+ 
(49) 


+ a+ a4 


Loc. cit., p. 190. 
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in which the coefficients of y(x +1) and y(2) are of the form just indicated 
for P,(x). In particular, 

(50) a=4,, bi =b, —a,k, a, = a,, = b,—a,k. 


For convenience, let us drop the primes in (49) and take as object of study 
the equation 


b b b, 


in which the coefficients are of the type P, (x). 
Equation (4) becomes in the present instance 


Place = + h/x)v(a) where g and are constants yet to be deter- 
mined. Equation (52) then takes the form 


h b, h b, 


or, upon developing (1 + 1/x)~’ by the binomial theorem, 


1 1 
(53) 
+ (¢,—gb, + hb, +49(g +1)a,—gha,) v(x) =0. 


Let us now choose the undetermined constants g, so that the term in 1/x in 
each coefficient of (53) vanishes. In case a, + 0, a, + 0, these two conditions 
determine g and h as follows: 

_ 4 b, — a,b, b, 


= —, 
a, 4, a, 


The constants g, h having been thus determined, we may now apply directly 
to equation (53) the results embodied in Theorem III of my previous paper * 
and write for sufficiently large a 


9 x 
(1+<¢(2)) (¢, const. =a, lime,(x) =0), 
1 


and therefore also 


(54) (- (1+ (lim 
} 


a 


* Loe. cit., p. 313. 


| 
| 
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We turn now to consider the forms taken by z,(#), z,() for the equation 
(51). In the first place, let us construct the expression 


4a,(x)a,(x +1 ) 
+1) 
referred to in condition (6) of the preceding theorem. Since 


a, (x) ay + a, b, a,b, ) 


x 


a(x) 4, 
a,b, 1 


1 


we obtain 
a,(x)a,(% +1) 
a,(x)a,(x+1) 

in which 

(55) 


a, 


2a,a,b, — a,a,b, — a,a,6 


1 “2% 
(56) a 


and @(2) vanishes to at least the second order when x = o. 
Thus, for the function z,(«#) we have 


(57) (1 =g,(1+v)* 


where g, is a constant and y and v are given by (56) and (55). Similarly, 


r (« +1—5 ) 
2v(1 —v)) 
(58) =g,(1 —v) 
Let us next consider what conditions (a) and (b) of Theorem I become in 
the present instance. Since 


4a,a 

2 Q“2 2 
v(v —1)= a V a — 4a,a,, 
1 


they will be satisfied if a,a,a,(a? —4a,a,)4+-0. Moreover, the roots of the 
quadratic equation a,” + a,’ + a, = 0 are 


A, = (1/2a,)(— a, + Va — 4a,a,), d, = (1/2a,)(— a, —Va? — 4a,a,), 


so that 
2a, 


2a, 


1—v= 


a,(x 
a, (2x 
= 
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Also we have 


2v(1+v)  a,a,(a,r, + 2a,)’ 2v(l—v) a,a,(a,A, + 2a,)’ 


where = — pa? /4 =a,a,b, + a,a,b, — 2a,a,),. 


Noting that a? — 4a,a, + 0 whenever i, + A,, we see that if in equation 
(51) the roots A,, A, of the quadratic a,’°+a,%+ 4,=90 are of unequal 
modulus and a,a,a, + 0, there are two solutions of the same equation which, 
when considered for all positive integral values of 2 sufficiently large, take the 
forms 


(1+ ) T'(x)Aj(1 + €,(2)) 


Y,(2) =a 


wherein lim,_, ¢€,(#) = lim,_, €,(#) = 0, and the constants have the values 


(59) y,(@) 


a,b, — a,b 
1%2 2"1 9 
p=aab,+ a,a,b, — 2a,a,b 


= 2 — 
aa, q=4,a;, r= 2a,a,4,. 


1? 
Moreover, for the cases in which ,, A, are distinct but of equal modulus we 
see from (57) and (58) that the result just obtained will continue to hold 


true, by Theorem I, provided that for all « = a we have 


ja + 
+ c,| where 


But if this latter condition is satisfied, it is evident that c, and c, are conjugate 
imaginaries, and conversely. Thus the result already obtained when |X, | + |A,| 
will continue to hold true when | A,| =| A, |, provided that A, + A,, and either 
€,, C, are conjugate imaginaries or c, = ¢,-= 0. 

We note also that the form of the solutions (59) may be somewhat simplified 
by making use of the well known asymptotic relation 


Thus for any constant / we have 


l\ 
weet =) + =) ~ 


so that relations (59) may be replaced by 


(60) (1 +6,(2))s 


| [July 
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wherein 
a,b, — a,b, p — a,b, — a,b, p 


h = = — ome —, 
a, a, gy, +r’ 2 a, 4, gy, +r 


8. Besides the cases already considered in which a,a,a, + 0 it is deserving 
of note that whenever a,a, + 0, a, = 6, = 0, the nature of the solutions of (51) 
for large positive values of « may still be found by the application of known 
results. For after making the transformation 


4 h 
y(2)= + ) v(x) 


the same equation takes the form 


+ 1)+ A,(x) v(x) =9, 


where 


1 
A,(x) + (d, + +.--., 


c 
A,(x)= 


1 
A,(x) =a, + (6, 2ga, + ha,) +> 


Then by choosing A and g so that the coefficients of 1/x here appearing vanish, 
_ a,b, — a,b, 


2a,4a, 


we may at once apply to equation (51) the Theorem III of the aforesaid memoir. 
As the roots of the equation a,A’* + a, = 0 are unequal but of equal modulus, 
we conclude that there are two solutions under the present hypotheses having 
respectively the forms 


where 


= (a,b, a,b,)/2a,a,. 


9. Returning now to the original equation (48) and recalling that 


where lim,_,¢(2) = 0, and making use of equations (50) we reach in summary 
the following theorem : 
THeoreM II. Given the equation 


P,(w)u(e+2)4+ 


where k is any integer, positive, negative or zero, while P(x), P,(x), P(x) 
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are convergent series for sufficiently large values of x , or are any functions 
of x developable asymptotically in the form 
b c + @,(x 
x 


Case I. If a,a,a, + 9 and if the roots X,, r, of the quadratic equation 
a, +a, +4,=9 are of unequal modulus, there are two solutions of the 
given equation which, when considered for all positive integral values of x 
sufficiently large, take the respective forms 

u,(2) = (=) = (=) (1 + €,(x)) 
(lim ¢, (2) =0, lime,(z=0)), 
wherein p, o,, o, are constants defined as follows : 
a,b,—a,b, k 


a, a, 2 


a,b 


q 
_ 2a,a,b, — a,a,6, — a,a,b, — ka,a,a, 


a,4,(a,r, + 2a,) 


ol 


(i=1,2 


Moreover, the same result holds true whenever the roots ,, r, are unequal 
but of equal modulus, provided that o, and o, are conjugate imaginaries, 
including the case in which o, =o,=0. 

Cas— II. Jfa,a, +0, a,= 6, = 0 and if we represent by X,, 2, the roots 
of the quadratic equation a,” + a, = 90, there are two solutions of the given 
equation which when considered for values of x sufficiently large take the forms 


u,(#) = (2) on; (1 = (=) 


(lim e,(z)= lim &,(z)=0), 


k. 


(1 + €,( x) ) 


where p is defined by the relation . 
a,b,—a,b, k 


2a, a, 2 
10. The results obtained under Case I of the above theorem are in accord 
with those obtained by Horn.* To show this we evidently need to show merely 
that our values of p+ o,, p +, are equal respectively to the quantities p,, p, 


employed by Horn, and defined + by the relation 


+ 445%) _ + + 


with a similar formula for p, obtained by replacing X, by d,. 


* Loe. cit., p. 192. 
t Loc. cit-, p. 191, footnote. 


‘ 
| 
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Now in the sum p + a, the coefficient of 34 is — 1 — 2a,/(a,A, + 2a,). 
the coefficient of — }% in p, may be written in the form 


2a,A, 2a, A» 


which beeomes the same as the coefficient of — 3% in p + a, since A, A, = a,/a,. 
It remains only to show that 


a,b, — a,b, 2a,a,b, — aa b, — a,a,b, b, +4, A, +b xr? 


| 
a, a, a, a,(a,r, + 2a,) a, A, + 2a,r; 


This reduces to an identity by virtue of the relations 
a 
a,r, + 2a, = + 2a,r), a, +a,rA,+4,=9. 
| 


Similarly, by using \, instead of A, we obtain p + o, = p,. 

It is to be observed that Horn’s work concerns only case I. 

11. As an illustration of the application of the preceding theorem, let us 
consider the equation 


(62) (1 +5 )u(e+2)— (2 +5 +} (1 +5 )u(x)=0, 


one of whose solutions is Legendre’s function of the first kind P,(z). For 
simplicity, we shall confine ourselves to real values of z. 

Here we have k= 0, a,=1, a, = — 22, a, =1,d,=2, 6, = —32z,),=1. 
Whence the roots A,, A, are those of the quadratic \*— 22A+1=0; i.e, 
=24+V2—-1, A, =2—V2—1. Thus, we shall have + |A,| if 
|z| > 1, while we shall have |’,| = |A,| but A, + A, if |z| <1. Applying Case 
I of Theorem II, observing that a,a,a, + 0 when z + 0 and that in the present 
instance p = — 3, ¢, = o, = 0, we find that for all real values of z except z = 0 
the general solution of the above equation, when considered for all positive inte- 
gral values of x sufficiently large takes the form 


u(2)= (1+ «,(x)) | 
(lim ¢, (2) =lime,(x)=0). 
k,, k, being arbitrary constants. 
Moreover, precisely the same result holds when z = 0, as appears directly by 
applying Case II of the same theorem. 
If, in particular, —1<z<1, we may place z= cosé and write 
(2+V2—1)'=cosxé+isinx€. The solution w(x) then takes the form 


u(x)= + €,(x)) cos + k,(1 + €,(x)) sin |, 


335 
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where k,, k,, €,, €, have the properties already mentioned. Moreover, upon 
determining two constants A, from the equations A sin k,, Acosu=k,, 
and inserting for the constants /,, k, these expressions, we obtain for u(a) the 
form 


r 
u(x)= [sin + w) + €(x)] (lim e( 2) 0) 


where d and yu are arbitrary constants. 

This last result for the special case in which u(x) = P_(z) agrees with 
other well known results respecting the behavior of Legendre’s function of the 
first kind for large values of x. Previous investigations upon the subject, how- 
ever, appear to have been from the standpoint of the differential equation satis- 
fied by P_(2) rather than from that of the difference equation (62).* 


* Cf. DInt, Studi sulle equazioni differenziali, Annali di Matematica, ser. 3, vol. 3 (1899), 
p. 178. 
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ON CANTOR’S THEOREM CONCERNING THE COEFFICIENTS OF A 
CONVERGENT TRIGONOMETRIC SERIES, WITH 
GENERALIZATIONS* 


bY 


WILLIAM F. OSGOOD 


$1. CanTor’s THEOREM. 
Cantor + has shown that if the trigonometric series 


> (4, cos nz + b, sin nx) 


n=0 
converges for all values of x in any interval a = x = b, however short, then 


lim a, = 0 and lim 6 = 0. 


More generally, the conclusion holds if merely 


lim (a, cos nx + 5 sin nx) = 0 
for all points of the interval. 

His proof is not simple, being based on arithmetic considerations of an intricate 
character. The following proof has the advantage of transparency as well as of 
rigor, and it admits of extension to cases to which CaNTOR’s methods do not 
apply. 

Let A, and ¥, be so chosen that 


a,cosnx +b sinne = A, sin(nx+¥,), 


where A,=0. Then 
b? 


* Presented to the Society April 24, 1909. 

tG. CANTOR, Ueber einen die trigonometrischen Reihen betreffenden Lehrsatz, Journal fiir 
Mathematik, vol. 72 (1870), p. 130; Sur les séries trigonométriques, Acta Mathematica, 
vol. 2 (1883), p. 329. For other proofs cf. HARNACK, Mathematische Annalen, vol. 19 
(1881), p. 251 and p. 524; LEBESGUE, Legons sur les séries trigonométriques, 1906, p. 110. 
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Obviously a necessary and sufficient condition that 


lim a, = 0 and lim b = 0 


is that 
lim A, = 0. 


Hence it is enough for the proof of the theorem to show that from the hypothesis 


lim A, sin (nx + ¥,) = 0 
follows that 7 
lim A, = 0. 
Suppose the conclusion were false. Then there would exist a positive constant 
h such that 
A, =h 


for an infinite set of values of the index, n = n,, n,,---. 


The function 
sin + ¥) 


—we will drop the index of y,, since the value of 
the latter quantity is immaterial for our proof — has 
the period 


y 


Choose i = i, so that 
<4}(b—a). 


Then the above function has a complete arch above the axis of x, the base of 
the arch being enclosed in the interval (a, 6). Hence throughout a certain 
subinterval 2, = x = 8,, where a =a, <8, = 


sin (n;,2 + 7) 
Thus we have 
A, sin (nx + ¥) 
when 
n= and a=2 
Proceeding next to the interval (a,, 8,) we repeat the foregoing reasoning, 
choosing i = i, > i, so that 


@;,,<4(B,— 4%), 


and thus obtaining a second arch above the axis of x, its base being included 


Th: 

A, =h (¢=1, 8, --+). 

x 

@. == 
n; 
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in the interval (a,, 8,). Thus we get an interval a, =2=8,, where 
a, =a,<8,=8,, in which 

sin (n;,x7+ 7) 
Hence we have 


A, sin (nx + 7) 


when 
and 


A continued repetition of the process leads to an infinite sequence of intervals 
(a,, 8,), each lying in its predecessor, whose lengths approach 0 as their limit 
and which are such that 

sin (nx + = 3h 
when 
n= 


= = 
i, and a,=x=B8,. 
The extremities of these intervals determine a point 


lim a, = lim 8, = X 
k=a k=n 


pertaining to all of them. For this point 
A, sin (nX + 7) = (n=Ni,, Mig, 
This is contrary to the hypothesis that 


lim A) sin (nx + y)=0 


for every point of the interval (a,b). Hence the theorem is true. 


A more general form of CANTOR’s theorem, to which both his proof and the 
one here given apply, is obtained by replacing the expression 


a, cos nx + b sin nx by a,cosp,« +6 sin 
where p, is any function of x which merely becomes infinite with 7: 


lim |p, | = 20. 


n=n 


§2. A GENERALIZATION. 


THeorEM. Let f(x) be a continuous function of x in the interval 
aSx2=b; let l bea certain positive constant, and let f, have the following 
property. To every subinterval of (a,b), however short, there corresponds a 


n0sitive integer m such that, if n = m be chosen at pleasure 
1 


at some point of the latter interval. 
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If under these conditions the series 


n=1 
converges for every value of x in the interval (a, b), then 


lim A, =0. 


The foregoing proof applies with slight modifications to this more general 
case. Suppose the theorem false. Then there exists a positive constant A such 
that 

=1,2,---). 
Determine m, so that, for any given n = m,, 
>! 
at some point of the interval (a, 4). Denote by i, a value of i for which 
n,=m,. Then there will be a subinterval a, = «= where a=a, << 8, =), 
in every point of which 


=e (n=ni). 


A, f,(#)| Zhi 


N= Nj, and 


Hence 


when 


A continued repetition of the process leads to a set of intervals (a,, 8,) like 
those of § 1, for which 
|A, f.(x)| = Al 
where 


= 


and a 
k 


Their extremities determine a point 


lim a, = lim 8, = X 
k=n 


k=n 


pertaining to all of them. For this point 
A, f(X)| (n= ni, Ning ***)y 
and thus the theorem is proven. 


Series of Functions of Several Variables. The theorem admits of immediate 
extension to functions of several variables. Thus, if / (2, y) is continuous 
throughout a region S of the (x, y)-plane, we shall demand that to every sub- 
region = of S, no matter how small, there correspond a positive integer m such 


j [July 

} 

| 
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that, if n = m be chosen at pleasure, 


PACD y)| 


at some point of =, / denoting as before a positive constant. It is immaterial 
whether S include its boundary, just as it was unimportant that the interval 
(a, 6) include its extremities. 

The proof follows precisely the same lines as in the earlier case, a succession 
of squares, for example,—,, =,, ---, =,, ---,—each lying in its predecessor, 
replacing the intervals (a,, 8,). 


§ 3. AppLicaTions. ZoNnAL Harmonics. Bessei’s Functions. 


Zonal Harmonics. The zonal harmonies P («) have precisely the property 
of the functions f (a) in § 2, and thus we have the 
THeorEM. Jf a series of zonal harmonics, 


A, +--+, 
converges at all points of an interval a <= x = b, however short, lying in the 


interval —1 <a <1, then the coefficients A, approach 0 as their limit. 


Bessel’s Functions. If we write 


Vad, (x) — 7) + 


where y = (v + 4) 7/2, it is well known that 
lim f= 0. 


We are thus enabled to state the following theorem regarding the behavior of 
the coefficients in a convergent series of Bessel’s functions. 
THeoreM. (Jf the series 


A,J,(A,7) + A, J, (A, x) 


where ,, > 9 does not depend on x and lim,_, ,, = «© converges at all points: 


of an interval 0 <a=2 =), however short, then 


or A,|<eV4X,, 


n 


where ¢ is an arbitrarily small positive quantity and n =m. 
For the general term can be written in the form 


4 
A, J, (%,#) = VST 


n 


A 
n=n V r,, 
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and if we set 
(@) = VASA, 2), 
then 


1 1 
|A(®) |= | F(A, 2) | = VA, wd, (A, 2) |. 
Vea Vb 


Hence the series 


> ( 


n=1 V r 


n 


satisfies the conditions of § 2, and this proves the theorem. 

We have cited the asymptotic expansion of /J,(x); but all that we need for 
our proof is the fact that the continuous function /xJ,(x) takes on values 
numerically greater than a certain positive constant / in every interval whose 
length exceeds a certain fixed quantity » and which lies beyond a definite point 
“=. By the aid of the asymptotic expansions the theorems of this paragraph 
can also be established by Cantor’s methods. 


§4. DEVELOPMENTS IN MULTIPLE SERIES. 


The theorem of § 2 can readily be extended to developments in multiple series 

of functions of several variables, like 
Sin mx cos ny. 

The multiple series here considered are said to converge if every simple series 
formed out of the terms of the multiple series converges. Thus if such a mul- 
tiple series converges at all, it converges absolutely. 

Let us plot the points (m,n) in a plane, and let #,, 2,, --- be a sequence 
of regions each lying in its predecessor and each containing an infinite number 
of points (m,n). Examples: If (&, 7) is an arbitrary point of the plane, we 
may take as /2, the points (&, 7) for which 


(a) N, n=WN; 


or, again, those for which 


E+n=N, 


TuHeorEeM. Let f,, ,(x, y) be a continuous function of the two independent 
variables x,y ina region S of the (x, y)-plane ; let l be a certain positive con- 
stant, and let f have the following property. To every subregion = of S, no 
matter how small, there corresponds a region Ry such that, if the point (m,n) 
be chosen at pleasure in Ry, 


(1) y)| 


at some point of =. 
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If under these conditions the series 


A, y) 


m,n 
converges at every point (x, y) of S, then to an arbitrarily small positive 
number ¢€ there corresponds a positive integer p such that, for every point 
(m,n) in 
A__| 
| A,, »| 


If, in particular, the regions R, are those of Example (b), then 


lim A 


m,n 


Suppose the theorem false. Then 


The proof is similar to that given in § 2. 
there must be a point (m, 7) in each 2, for which 


| A 


mn| =A, 


where denotes a certain positive constant. Thus we are led to a sequence of 


points (m,, for which 
=h 


|.A 


mi, 


and such that, for any preassigned 7,, all those points for which i = q lie in 
that 

Now choose /?y, so that, for every point (m, ) in /y,, relation (1) holds at 
some interior point of S, and let i, be a value of i for which (m,, n,,) lies in 
Ry,. Then there will be an interior point (,, y,) of S, for which (1) holds 
when m =m, and n=n,. Surround this point by a square =, lying wholly 
in S and such that 
(2) | ¥)| = 
when m=m,,,n=n,, and the point (x, y) lies within or on the boundary 
of 

The reasoning is now repeated, a smaller square >, lying in =, being 
obtained, throughout which relation (2) holds if m = m,,, n = n,, and the point 
(x,y) lies in And soon. Thus a point (Y, is found, pertaining to 
all the squares and such that 

| fn. n( = l 
when denotes successively the points 
(m,, 2;,) 
Hence for these values of (m, 7 ) 


and the theorem is proven. 


Trans. Am. Math. Soc. 23 


a 

4 
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The extension of both theorem and proof to r-fold series of functions of s 
independent variables presents no difficulty. 

By combining the above theorem and that of § 2 we are enabled to state 
a further theorem. 

THeorem. the series 


>A m, n ( ws y) 

m,n 
satisfies the conditions of the foregoing theorem, the regions R, being those of 
Example (a); and if, furthermore, every simple series formed out of the double 
series by holding one of the indices m,n fast satisfies the conditions of the 
theorem of § 2, the l of this latter theorem, however, being at liberty to vary 
Jrom series to series, then 

lim A, ,=9. 


m,n 
m=n,n=H 


We wish to show that, under the above hypotheses, a positive « being chosen 
at pleasure, there exists a positive integer MM such that 


| A, n | <€ 
for all values of m and n for which 
m+n=WM. 


To do this, choose & so that for all points (m,n) of ?, 


| 


| n | €. 


Next, consider the series 


A m, y ) ? 

where 1=n' =k—1. By the theorem of § 2 its coefficients approach the 
limit 0, and hence 


| A m, (m = ) 


Let » be the largest of the 4 — 1 numbers yp’ corresponding to n’ =1,2,--.k—1. 
Then 


<e (mae, 


In like manner consider the series 


Ay n( 2, 


n=1 


where 1 = m' =k—1. Its coefficients satisfy the condition 


© 
|Z > 
» (n=). 
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Let v be the largest of the 4 — 1 numbers vy’ corresponding to m’ = 1, 2,---k—1. 
Then 
(iseSsk 
Thus we see that 


| A m,n ~, € 


for all but a finite number of points (m,n), and hence, in particular, for all 
points (m, ) of a suitably chosen R,, of Example (4) : P 


m+n= 


The conditions of the last part of the foregoing theorem are herewith seen to be 
fulfilled, and the present theorem is thus proven. 

This theorem also admits of extension to multiple series of higher order than 
the second. In particular, for triple series of functions of three independent 
variables it can be formulated as follows. 

THEOREM. Let 


m,n, p 


be a triple series satisfying the conditions of the first theorem of this paragraph, 
the regions Ry being those of Example (a) : 


Ry: m= n=WN, p=N. 


Furthermore, let every double series formed out of the triple series by holding 
one of the three indices m,n, p fast satisfy the conditions of the foregoing 
theorem. Then 


lim A =0. 


m,n, p 
M=N,N=H, 


$5. APPLICATION TO MULTIPLE TRIGONOMETRIC SERIES. 


Consider any one of the double trigonometric series 


> An, » Sin mx sin ny, 


m,n 


where either or both of the sine factors may be replaced by the corresponding 
cosines. Let such a series converge at all points of a two dimensional region 
S of the (#, y)-plane. Then it can be shown exactly as in $1 that this series 
satisfies the conditions of the first theorem in $4, the regions /? being those of 
Example («). 

Next, hold n fast and give y a constant value for which sin my (or cos ny) 
does not vanish. Thus the conditions of the theorem of § 2 are seen to be ful- 
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filled. Hence all the conditions of the second theorem in § 4 are satisfied and 


we have 
lm A,,=9. 
M=n, 


Similarly it can be shown that if any one of the triply infinite series 


A sin max sin ny sin pz, 


m,n, p 
m,n, p 


where the sines may be replaced by cosines at pleasure, converges at all points 
of a three dimensional region V of space, its coefficients must approach the 
limit zero. 


HARVARD UNIVERSITY, 
April, 1909. 


EQUIVALENCE OF PAIRS OF BILINEAR OR QUADRATIC 
UNDER RATIONAL TRANSFORMATION* 


BY 
LEONARD EUGENE DICKSON 


Introduction and Summary. 


We consider pairs of bilinear or quadratic forms A and B with coefficients 
in a given field #’. We seek necessary and sufficient conditions for the equiv- 
alence of A, B with A’, B under a linear transformation with coefficients in 
F’. According as the determinant |1.A + “A is or is not identically zero, the 
case is called singular or non-singular, respectively. Both cases are treated in 
this paper. 


In the non-singular case we may, without loss of generality (§ 3), assume that 
| A|+0,|A’l+0. By a well-known theorem, readily proved, a necessary 


condition for the equivalence in /’ of the two pairs of forms is that they shall 
have the same elementary divisors (~ — c,)“, or, if we prefer, the same rationally 
determined invariant factors. This condition is known to be sufficient when the 
forms are bilinear ($4), but is in general not sufficient when the forms are 
quadratic. 

To obtain the advantage of decided simplification in the algebraic manipula- 
tion, we adjoin the roots ¢, of |AA—B|=0 and operate in the field F’(c,,---,¢,). 
The treatment is such that the irrationalities c, may ultimately be elimin- 
ated and the operations replaced by rational operations in the initial field F’. 
This is accomplished by employing new variables falling into sets of conjugates 
with respect to /($1). Of several methods of treating bilinear forms in the 
field of all complex numbers, that by WeErERSTRASS is best adapted to the gen- 
eralization to an arbitrary field /’, but with a certain modification (§ 2) to secure 
the desired conjugacy of variables. To accomplish this essential simplification 
in the nature of the new variables, we must content ourselves with a preliminary 
normal form (2) involving certain factors f, not occurring in WEIERSTRASS’s 
unique normal form. In view of the resulting conjugacies of the new variables 
with respect to F’, two pairs of forms A, Band A’, B’, having the same ele- 
mentary divisors, are equivalent in F’ if and only if their normal forms (2) and 


* Presented to the Society (Chicago) April 10, 1909. 
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(2’) are equivalent in F(c,,---,¢,). This is always the case for bilinear forms 
($4). For quadratic forms, the question of the equivalence of (2) and (2’) is 
shown to reduce to the question of the equivalence of corresponding component 
pairs, where a component contains only the terms having equal c, and equal e, 
(and hence equal elementary divisors). Two component pairs corresponding to 
an elementary divisor of multiplicity s (i. e., oceurring s times) are equivalent 
if and only if the corresponding s-ary quadratic forms >> f,22 and >> f) 2, 
obtained by* replacing each WEIERSTRASS combination Z by the square of a 
single variable z, are equivalent in /’(c,). Hence the question of the equiva- 
lence of pairs of quadratic forms has been reduced to that for single t+ quadratic 
forms. For the field of all real numbers or for any finite field, the criteria are 
quite simple ($§ 12, 18) and there results a complete classification of pairs of 
quadratic forms in these fields. 

The success of the method of treatment depends not only upon the use of con- 
jugate variables but also upon the employment of a certain device. It appears 
to be impracticable to consider the system of quadratic conditions which arise 
when we proceed directly to determine a linear transformation 7’ which shall 
replace a given pair of quadratic forms A, B by a second given pair A’, B’. 
We make use of the following indirect procedure. By the differentiation of 
A’'= A and of the equations for 7’, we obtain a necessary form for 7’—'; also 
a second form from B’= B. The conditions that the resulting two inverses of 
T shall be identical are linear in the unknown coefficients of 7’. 

The same device is employed in § 14 to reduce the singular case to the non- 
singular case. We here make use of the rational normal type obtained by 
KRONECKER in his fundamental paper of 1890. This classic work of Kro- 
NECKER, exposing the very heart of the subject and applicable in complete 
generality to any domain of rationality, has not been in the least superseded by 
subsequent work, as claimed by Mutu.f{ It is not necessary to discredit the 
work of the master KRONECKER, writing in the spirit of general algebra, in 


order to honor Fropentvs for his later elegant proof for the special case of the 
domain of all complex numbers. 


Introduction of variables conjugate with respect to F’. 


1. Beginning with an example, let ¢,, c,, C, be the roots of a cubic equation 
irreducible in the field #. If x,, x,, x, are the initial variables, let 


7’: z,= a(c,)a, + = X, +¢,X, + ¢;X, (i=1, 2,3) 
be linearly independent functions in which the coefficients of the polynomials 


* Or, by replacing eo by unity. 
¢ These Transactions, vol. 7 (1906), p. 275; Bulletin of the American Mathe- 
matical Society, vol. 11 (1907), p. 108. 


+ Elementartheiler, bottom of p. 125, top of p. 126. 
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a(p),--- belong to Then X,, X,, X, are independent linear functions of 
the «, with coefficients in F’. Let Q(a) be a quadratic form, with coefficients 
in F’, which is reducible to the form V(z) by the transformation 7. Let ¢( 7) 
be a second form reducible to V(z) by the analogous transformation 


Then is reduced to q(y) by the transformation x, = d,,y, obtained by 
solving Y, = Y, and hence with coefficients d in F’. 

For either 7 or 7” the variables z, are said to be conjugate with respect to 
the field #’, since z, is derived from z, by replacing c, by a root c, of the same 
irreducible equation. 

In general, let x,, ---, x, be the initial variables. For n = d,+---+d,, let 
D (A\(s =1, ---, 7) be irreducible in F’ and of degree d,; the case in which two 
or more D’s coincide is not excluded. Let c(i =0, ---,d,—1) be the roots 
of D,=0. We introduce r sets of new variables, those in the sth set being 


d,—1 


n 


in which the coefficients of the functions a and f belong to the field #’. Since 

z,, is obtained from z,, by replacing’c,, by c,,, the d, new variables z,, are said to 

be conjugate with respect to #’. Now the determinant 


sti 


Hence, for each s, = 0, ---,d,—1) may be introduced as new variables 
in place of z,.(i=0,---,d,—1). Thus the ¢ sets of conjugate variables z,, 
may be replaced by m independent variables /,(«) with coefficients in F’. 

If in the normal forms in the z’s for two bilinear or quadratic forms A and 
B, we replace the z,, by the f,,, we obtain normal forms with coefficients in F’ 
which define a decomposition of A and B into component pairs each indecom- 


posable in F’ (§ 11). 


The modified WEIERSTRASS normal form with conjugate variables, §§ 2-3. 


2. We make use of WEIERSTRASS’s * reduction of a pair of bilinear or quad- 
ratic forms, but with a certain modification which leads to new variables falling 
into sets of conjugates with respect to the initial field /’. The latter is any 
field, not having modulus 2, which contains the coefficients of the forms. 
While the introduction of the roots c, of the characteristic equation 
|\AA — B| = 0 is essential to the theory, this is not the case with the further 
irrationalities VY C,. By avoiding the introduction of the latter, we shall secure 


* We shall refer to the exposition by MuTH, Elementartheiler, pp. 69-85, 118-1-2, which 
embodies certain results by FROBENIUS essential to the completion of WEIERSTRASS’s treatment. 
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the desired conjugacies of the new variables with respect to F. To this end we 
modify WEIERSTRASS’s procedure (MuTH, p. 73), as follows: We set 


where 7’ is a rational integral function of % —c with the constant term unity. 
Hence 7’ equals the square of a power series g in X — c with the constant term 
unity. Proceeding as in Morn, p. 74, with Q replaced by q, we obtain his 
formula (11) with the irrational factor deleted, and his formula (12) with the 
additional factor f. = Cy! inserted. Ultimately we obtain the following result : 

If A and B are bilinear forms on 2n variables with coefficients in the field 
F, and | A| + 0, and if the elementary divisors of |XA — B| are 


(1) (A—e,)", (4 


there exist 2n independent linear homogeneous functions X,,, Y,, of the 
initial variables such that f, and the coefficients of X,,, Y,, are rational 
integral functions of c, in F’, and such that 


o=1 u=0 


where the second Z in B is to be deleted ife,=1. If A and B are quadratic 
forms, = X,,. 

If c,, ---, ¢, are the roots of the same irreducible factor in F’ of |AA — B}, 
then X,,,---, X,, are conjugate with respect to F’; likewise Y,,,---, V,,. 
We have therefore secured the desired conjugacies of the new variables. 

3. If we remove the restriction that | A| + 0 and assume merely that the 
determinant |AA + “B| is not identically zero in A, uw, we readily obtain a 
pair of forms A, B to which the preceding theorem may be applied. Let g 
and be constants in for which |gA +/AB| and A’ constants in 
for which gh’ — gh=1. Then (Mutu, p. 83), 


A=gA+hB, B=g'A+hB 


can be reduced to the type (2). We may then deduce normal forms for A, B. 
Instead of the latter more complicated forms, it suffices to employ (2) in deter- 
mining the conditions for the equivalence of A, B with A’, B’ in the field F’. 
For, if these pairs are equivalent in /’, then A, B and 
A=gA+hB, Ba=gAshB 
are equivalent in /’, and conversely. 
4. For the case of bilinear forms we set 


Xx 


ou? 


m m | | 
oun = m5 #=0, +++, —1), 
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and obtain from (2) a normal form in which each f* =1. The new variables 

AX", Y’* fall into sets of conjugates with respect to ’. Hence in the non-singular 

vase, two pairs of bilinear forms with coefficients in the field F’ are equivalent 

in F’ if and only if their characteristic determinants have the same elementary 

divisors (or the same invariant factors). We have therefore obtained by a 

modification of WEIERSTRASS’s method a proof of the theorem due to FROBENIUS. 
A like argument does not hold for quadratic forms. 


Ultimate normal forms, §§ 5-10. 


5. Henceforth, we consider the equivalence of a pair of quadratic forms (2), 
for Y = X, with a second pair 


m m 


having the same elementary divisors as the pair (2). Here f, like f,, isa 
non-vanishing rational integral function of c, with coefficients in /’. The 
variables X are conjugate linear functions of the initial variables x,, and the 
X’ are conjugate functions of the 2’. Hence (§1) the initial pairs A, B and 
A’, B’ are equivalent in F’ if and only if their normal forms (2) and (2’) are 


equivalent under a transformation 


m €,—1 


e=1 ¢=0 
in which the d’s are elements of /’'(c,, ---, ¢,) which satisfy certain conditions 
imposed by the conjugacies of the variables. 
We seek the conditions under which A’ = A, B’ = B in view of relations 
(3). By differentiation with respect to X',, we get 


DIK, 


(4) 


o 


where the second X’ in (4,) is to be suppressed if ¢ = e, — 1, while 
€g—l 


Since » and pw’ range over the same values, the sums are equal and 
| 


(5) =2 dv X, 
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Hence (4,) and (4,) must define the same transformation, viz., the inverse of (3). 
Conversely,* if (4,) and (4,) define the same transformation inverse to (3) and 
if |7| + 0, then the pair (2) is equivalent to the pair (2°) under the trans. 
formation (3). 

6. Replacing e, by e, — 1 and » by w — 1 in (5), we get 


e€g—l 


a=l 


We compare the relations (4) with the values (5) and (6) inserted. For 
t =e, —1, (4,) must equal the product of (4,) by c,, whence 


(c,—c,)d?7? _,=0, (c,—c, (o=1,---,m; #=—1,>--, €¢ —1). 


| se,—l 
It follows readily that 


(7) force, =c,. 


For 0 =t=e,—2, we substitute into (4,) the expression (4,) for XY’ and 
that derived from it by replacing ¢t by ¢+ 1. We obtain the conditions 


(8) (¢,—c¢,)d7? = ds? (c, = — (w=1, 


t+1 


First, let ¢ and s be such that c, +c,. For «=0 in (7,) and t=e, — 2 in 
(8,), we get d7?_,=0. Then for ¢ =e, —3 in (8,), we get d7?_,=0. Pro- 
ceeding similarly with (8,), we establish (9) for i = 0: 


(9) (0SiSe.—1, 0=kSe,—1, 


To proceed by induction, let (9) hold for i= ~—1. Then the final term in 
(8,) is zero. Take ¢=e,—2 in(7,); we get d7*_,=0. Fort=e, —3 in 
(8,), we get d7*_,=0. Proceeding similarly with (8,), we find that (9) 
holds for i=. Hence the induction is complete. 

Next, let c, =c,. Then (7,) and (8) are satisfied if and only if 


(10) d7i=Ofork>i, =e). 


7. If we separate the variables XY into sets, including in a single set all the 
X,,, for which the ec, are equal, we see from (9) that the variables of any set 


are transformed amongst themselves by (3). We may therefore limit attention 
to the separate sets. Consider the set for which 


(11) ‘ g9)- 

* For a formal verification, multiply (4,) Xi and sum fors=—1,---,m;t=0,---,e,—1. 
Applying (23) on the left, and (3) and (2,) on the right, we get A’ = A. Proceeding similarly 
with (4,), we get B’ = B. 


1909] BILINEAR OR QUADRATIC FORMS 


By (9) and (10), the corresponding partial transformation (3) is 


é=1 


where 7, denotes the lesser of the integers 4, e,—1. By (4,) and (5), 


By a change of indices, the latter becomes 


t+eg—es 


(13) > x ers Xou (s=1,---, 9g; ¢=0,-::-, 


The partial transformation (12) must replace the terms of (2) with o = g by 


the terms of (2’) with =g. Subtracting c, times (2,) from (2,), and c, times 


(2') from (2'), we find by (11) that 


g a 
a=1 


under transformation (12). The necessary and sufficient condition for the equiv- 
alence of the pairs (14) under (12) is that transformation (13) be inverse to (12) 
(see end of §5). Since (14) are unaltered by the interchange of the accented 
and unaccented letters and since (13) must replace the second pair by the first, 
it follows that (13) must be of the same type as (12), the most general transfor- 
mation replacing the first pair by the second. Hence 


(15) 0) (u=t+1 if eo >e), 


These equivalent formule are fundamental in what follows. 

8. We proceed to determine and discuss the conditions under which (12) and 
(13) are inverse transformations. Eliminating * X,, and changing the order 
of the summations, we get 


g 
8,;=1 t;=0 c= 
where 7 is the lesser of t,e,-—1. Hence ¢ = 0 except for s, =s, ¢, =¢. 
We employ the abbreviation (s) to denote the set of all integers s correspond- 
ing to equal values of e,, so that s, is in (s) if and only if e, =e,. 


We may give a very simple expression for ¢,, when s, is in the set (s) 


1 


*In St+ eg —e,=es — 1, 8o that each X,, may be replaced by (12). 
t By (15), the maximum » in (13) is¢. 


303 
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Consider first the values of o for which e, > e,. Then, in (16,) with ¢, = ¢, the 
first d vanishes by (15) when » > ¢, while the second d vanishes by (15’) when 
w=t. Fore, <e,, there occur no terms in the sum. Hence we may restrict 
o to the set (s), so that 


if s,=s 


(17) bu its +s 


in(s) 
Now (17) are the necessary and sufficient conditions that 


(18) > [o in (s)] 


8; in (8) 


shall replace 

(19) by [cin (s)]. 
Since If, = |d |? and each + 0, f, + 0, we have * 

(20) | | + 0 [o, in(s)]. 


For the existence in F’'(c,) of elements d7* making each ¢ 


s0 


=Qorf.,a 


necessary condition was seen to be the existence of elements 
») 0 
(21) [cin(s);s—1,---,g] 


which satisfy relations (17). This condition is also sufficient. In proof, we 


assign the value zero to every d not in the set (21). Then ¢,,, vanishes unless 


o and s, are in (s) and ¢= ~=¢,, while in that case ¢ becomes (17). Hence 
(12) and (13) are then inverse, a fact also evident from their special forms : 
sin in (8) 
For each set (s), relations (17) express the equivalence of the quadratic 
forms (19) under a transformation in F’(c, ) of non-vanishing determinant. 


9. The discussion in §§ 5-8 leads to the following 

THEOREM. Let the elementary divisors (X — c,)* be separated into sets by 
listing together all the equal ones (with equal e’s and equal e’s). Let the first 
set be given by i=1,---, 4,5; the second by i=y,+1, ---, the 
third by ¥, +1, % + ete. Then the necessary and sufficient 
condition for the equivalence in the field F'(c,, ---,¢,,) of the two pairs of 


m 


* Another proof follows from (12) for “= 0 and (15’) fork—0. Let ec, be the greatest e, 
éo, the next to the greatest e, etc. Then 


4 720 +’ 4 720 
X dy Xso; Xo20 dw Xo + 


ein(@,) & in(@e) 


Hence the determinant of (12) contains the non-vanishing factors 


d7°|, sandc,in(o,); |d%?°|, sando,in(,);---. 
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quadratic forms (2) and (2') is the equivalence in F'(c,) of each individual 


quadratic form 
3) 


with the corresponding form > fi 22. The number of forms (23) ix the num- 
ber of distinct elementary divisors. 

If c,, ---, ¢, are the roots of an irreducible factor in /’ of the characteristic 
function |AA — B|, the relation between the elementary divisors and the 
rational invariant factors shows that the elementary divisors which correspond 
to’ — ec, (i= 2, ---. r) may be derived from those which correspond to A — 
by replacing c, by c,. Hence the equivalence in /’(c,) of those of the forms 
(23) which relate to c, with the corresponding forms (23’) implies the equiva- 
lence in F’(c,) of the forms relating to ¢,. 

10. Another convenient statement of the theorem of § 9 is as follows. The 
equivalence of the pairs (2) and (2’) requires the equivalence of the component 
pairs obtained by limiting the summation index o to values giving equal c,’s. 
If one set of equal c’s is given by (11), the pairs (14) must be equivalent. The 
latter requires the equivalence of the component pairs obtained by the further 
limitation of o to a set (o) of values giving equal e’s. Hence for each set (c), 


4) 


(a) 


must be equivalent to the corresponding forms (24’) inf). Here o ranges over 
the integers (a) for which the c, are equal and the e, are equal. Thus the 
pairs (2) and (2’) are equivalent in F'(c,, ---, ¢,,) if and only if the component 
pairs (24) and (24°) are equivalent in F'(c,). The latter pairs are equivalent 
if and only if the individual forms Y.4,f,% and Yio) fz are equivalent in 
F(c,). It thus suffices to replace * the combinations 


‘ 


by the squares z? of single new variables. 
It will prove instructive to have a direct verification of the sufficiency of these 
conditions. By hypothesis the forms (19) are equivalent, so that relations (17) 


* Or, to replace eg by unity. 


yitye yityet 
Sates Sores > 
o=yitl o=yityet! 
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hold. Now transformation (22,) replaces the form (24,) by 


EY 


p=0 


By (17), the quantity in parenthesis equals f’ or 0 according as s, = 8 or s, +s. 
In view of (25) and e,=e,, we obtain >,i,;.)/,7.,- Similarly, (24,) is 
transformed into (24°). 


Decomposition of a pair of quadratic forms in F’. 


11. Letc,,---,c, be the distinct roots of an irreducible equation ¢ = 0 in F’. 
Of the elementary divisors which are powers of \ — c,, consider a particular one 
(A and the related variables 


= Van + + | 


where the V’s are linear functions of the initial variables with coefficients in F’. 
If we replace c, by ec, (1 =a=r), we obtain (end of §9) an elementary 
divisor (A — c, )* and related variables X,,. Since |ci| + 0, the V,, may be 


ip 
expressed in terms of X,,,---, X,,. Hence the re, functions V;,, are linearly 


independent. Thus 


+ Z.,1) 


are quadratic forms on the independent variables V,, with coefficients in 7’. 

The pair a, § has the single invariant factor $°', and the elementary divisors 
(A—e¢,)* (i=1,---,7r). But if c=a'+a",B =P + B’, the variables in 
a’, 8’ being distinct from those in a’, 8”, the elementary divisors of a, 8 are 
those of a’, 8’, together with those of a’, 8”. 
position of a, 8 within the field /’. 


TueoremM. Jf |A| +0 and |AA — B| has the invariant factors 


Hence there is no such decom- 


in which each d;, is irreducible in F’ and each e, > 0, the pair of quadratic 
forms A, B decomposes in into where each component pair 


A,, B,, is not decomposable in F and has the single invariant factor $°°. 


[July 
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Field of reals; finite fields. 


12. Let F’be the field 7 of all real numbers. Consider first a pair of conjugate 
imaginary roots c, and c,, whence e, = é,. In the field C= F'(c,) of all com- 
plex numbers, 27, is a square g? and 2f, is the conjugate imaginary g?. Set 
Xs, Hence we may set = f, = and yet preserve 
the conjugacy of the variables. With this preliminary normalization accom- 
plished, we set 


Then, by (25), Z,, = L., + iM_,, where 


u=0 


Let A,, and B,, denote the terms of (2) given bys =1,2. Since 
Z..,) 2(¢, Z., +¢,Z,,) = 6, 

we have 

(28) A,,=L,,, = + 


When the variables are taken in the order ~,,, ¥,)5 %,5 Yy,5***s We have 


0 00... O O P 


( D 
(29) (AA, — B,) = 


eo 8 @ 


where 
0 0 @ 


The determinant of (29) has the single invariant factor |Q/“. 

Next, let c, be real and, among the elementary divisors which are powers of 
A —c,, let those exponents e be equal for which o ranges over the set (s). 
Since the corresponding f, and f{ are real, the two forms (19) are equivalent 
in #2 if and only if the number of positive f, equals the number of positive /” , 
where o ranges over (8). 


TueoreM. The necessary and sufficient conditions for the equivalence under 
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real linear transformation of two non-singular pairs of real quadratic forms 
are that they have the same elementary divisors and the same number of positive 
terms in the series f,,,---, f,, and f,, corresponding to each set of 
equal real elementary divisors (AX —c,,)°" = = 

As a real normal form for a pair of real quadratic forms we may employ two 
aggregates of forms affecting different sets of variables. Corresponding to each 
pair of conjugate imaginary elementary divisors we take as the component forms 
a pair of type (28). Corresponding to each real elementary divisor of multi- 
plicity s, we take as the component forms sums like (2), with o ranging over s 
values, with the value + 1 assigned to s’ of the f,, 0 = s’ =s, and the value 


— 1 assigned to the remaining s — s’ of the f,. 


13. Let the field F’ be the GF'[ p'],p >2. If, is the root of an equation 
of degree r irreducible in the GF’[ p' |, the forms (19) are equivalent in F'(c,), 
viz., in the GF'[ ], if and only if + If, is a square in the GF'[ 

To obtain normal forms for the non-equivalent pairs of quadratic forms in the 
GF’'[ p'| we may therefore employ (2), with the /, chosen so that, correspond- 
ing to an elementary divisor of multiplicity s, s — 1 of the f, equal unity and 
the remaining one of the f, is unity or a particular not-square in the GF'[ p’’]. 


Reduction of the singular case to the non-singular case. 


14. Kronecker®* has established the following theorem: Within any field + 
F not having modulus 2,a pair of quadratic forms ¢, y, for which | ud+vy|=0, 
can be transformed into a pair 


A A gh xX, X h + ay’, 
(31) g,h p=! 


in which + vB_,| = 0. 
Let a, 8, y, 6 be elements of /’ such that 


+0 
By a transformation on the variables X“ alone, the pair 
aA4+PBB, yA+6B 
can be transformed into a pair A*, B’, of typet (31) with 
* Berliner Sitzungsberichte, 1890, pp. 1375-1388. See p. 1388. 


t+ KRONECKER limits the statement of the theorem to a domain of rationality. 
{ KRONECKER, loc. cit., bottom of p. 1382. 
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A’, = aA, BB, = yA,, 5B... 


We may therefore restrict attention to pairs (31) with | A,,| + 0. 
We investigate the equivalence of a pair (31) with a like pair 


(e=p+M, ) 
under a linear transformation, with coefficients in F’, 


2M, 


M L 2M, 
X,= > > (A=1,--+, M), 
s=1 q=1 j=0 


2M, 


M L 
g=1 j=0 


Differentiating A’= A and B’ = B partially with respect to Y\" and apply- 
ing (32), we get 


M 
y > A X A+1+M, (4=0, M,—1), 
(33) 9, h=1 =/0 (A=M,), 


p=l 


9 (2=0), 
2 >» By, X, 
(34) YX PY (A=1, M;), 
(9) 
+ PJ qpta + (A=14-M,, 2M,). 
In (34,) we replace X by 4+ 1 and compare the result with (33,); by the 
coefficients of X,, we get 
M M 
(35) By, (2=0, «++, Mi—1; g=1, J 


A=1 


By the coefficient of X, in (33,), we get 


M 
> An Fux, = 9 (g=1,---, M). 
h=1 


Since | +9, each d,,y,=9. Then, by (85) for M—1, d,,, =0. 
Similarly, by taking in turn X = 2,.---, X= 6, we get 


(36) d,,;=9 (j=0,-+-, My; h=1,-+-, M; t=1,---,L). 


htj 


Thus (36) are among the necessary conditions for the identity of corresponding 


Trans. Am. Math. Soc. 24 


(32) 
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Y’s in (33) and (84). When the latter conditions are satisfied, we have unique 
expressions for the Y’’s in terms of the X’s, and hence the form of the inverse 
of (32). By (84,), Vi? (k=1+ M, ---, 2M) does not contain an X,, in 
view of (36). Since the pairs (31) and (31’) are of like type, the inverse (32) 
must have the analogous property that (k= 1+ ---, 2M) shall not 
contain a variable Y. But every term of the double sums in (31) contains 
such an X‘. Hence the first sums in (31) must be transformable into the 
the first sums in (31’) by a transformation on the X, alone. We may therefore 
state the 

THeorEeM. The necessary and sufficient condition for the equivalence in 
F of the singular pairs (31) and (81) is the equivalence in F' of the non- 


singular components 
r r r , 
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ON A COMPLETE SYSTEM OF INVARIANTS OF TWO TRIANGLES* 
BY 
DAVID D. LEIB 


Introductory. 


The simpler invariants of two triangles, arising from the connex set up by 
them when regarded as two cubic curves of the third order and of the third 
class, respectively, were discussed by Dr. Hun in vol. 5 of these Transactions, 
pages 89-55. The present paper exhibits a complete system by means of which 
all invariant relations can be conveniently expressed, and is largely the result 
of an attempt to solve a problem proposed by Professor MorLEY: What is the 
invariant relation between two triangles so that a conic may be drawn on the 
vertices of one triangle and touching the sides of the other? In this and similar 
problems, the one triangle was invariably taken as the reference triangle, and the 
invariant relation consequently expressed in terms of the coefficients of the other, 
a simplification which we shall use throughout the article. In this way the 
selection of the fundamental system was largely a matter of experiment in the 
first place, the object being to select such as would enable one to write down 
invariant relations in the most simple form, and at the same time to have these 
fundamental invariants easily interpreted geometrically. In the body of this 
paper we shall follow the logical order, however, of giving the system first and 
then proving its completeness. 


§1. The fundamental system. 


If we take one triangle as a 3-line given by the symbolic equation 
(ax) (Bx )( yr) = 0, 
(a&)(5€)(c&) = 0, 


where (ax) = + 4,”, + 4,%,, ete., the constants a,, b,, c,, 8,, y; form 
the domain of rationality for the invariants. The six fundamental invariants 
A,, D,, 1, D,, I, and J,, expressed rationally and integrally in this domain 
are given on page 128 of The Johns Hopkins University Circular, July, 1908. 
Of these, A, and D, are the determinants of the 3-point and 3-line respectively. 


and the other as a 3-point 


* Presented to the Society, December 31, 1908. 
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"That is 


Following Dr. Hun’s notation for indicating the collective degree in Roman 
and Greek letters respectively, the invariants are represented as follows: 
D,(3, 9); 4,(0, 3); 3); Z£(6, 6); D,(6,6); 7,(9, 9). From 
these can be formed four independent absolute invariants of zero degree, 


I, Fd, 
and in terms of these four can be expressed rationally every other rational in- 
variant of zero degree in both sets of coefficients. This is a minimum reduced 
system, since two triangles have projectively four absolute invariants. 
If now the 3-line be taken as the reference triangle, A, assumes the value 
unity and the other fundamental invariants become homogeneous, rational inte- 
gral functions of the coefficients of the 3-point, as follows : 


I, = a,b,c, + a,b,c, + a,b,c, + a,b,c, + a,b,c, + a,b, ¢,, 
b, b, C205 
bb, 


a,a, bb, 


T= a,a,b,b,c,¢, + + + + 


I, = a,a,a,6,b,b,¢ 


23 


C, 


It is in this simplified form that the invariants are most available, and it is a 
matter of very little difficulty to introduce A, into any invariant form so as to 
render it homogeneous and of the proper degree in the Greek letters. The in- 
variants ), and D, are skew, as is evident from their form. 


§ 2. Proof of the completeness of the system. 


Take the 3-line as reference triangle and call it 7,. The 3-point, (a&) (b&) 
(cE) = 0, we shall call If 7, is taken as (ax)(fx)( yx) = 0, we shall 


define a rational simultaneous invariant of 7, and 7’, as a rational integral func- 


[July 
a, B, Ni 
A, = B, Ye 
a, By 4s 
a, ¢, 
D, = a, b, 
a, b, 
| 
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tion of the coefficients, which has the invariant property and is unaltered by any 
permutation of the three lines or of the three points; that is, by interchanges of 
a.,B.,y;, or of a,,b,,¢,. When T, is taken as the reference triangle, all 
rational simultaneous invariants (except A,, which becomes unity) of T, and 
T, are homogeneous, rational, integral functions of a,, b,, ¢,, which are unal- 
tered by all permutations of the letters and of the subscripts. 

The converse is equally true, and any homogeneous, rational, integral function 
of a,, b,, c,, which is left unaltered by permutation of the letters or of the 
subscripts, is equivalent to an explicit rational integral function homogeneous 
in both the Roman and the Greek letters, which has the invariant property under 
all linear transformations of the plane. Hence the most general form of such 
an invariant is 

T= a} a}: bitch cl cls, 
where 


i,=n, i+),+k= 
A+ = in +j, +, 
k, +k, +k,=n, is +h, = 


We next prove the lemma: Every individual term of I, where I is of the nth 
degree in the coefficients of the 3-point, is the product of n factors of the type 
(ip £=1,2,3; Lal, 2,8; 2, 8). 

To simplify the proof we write 


a, b,¢, a b,c, By, 
a,b,c, = a,b,c, = B,, 
a,b, ¢, = a,b,c, = B,. 


These a, and 8, have no relation whatsoever to those used earlier in the article. 
Clearly as long as every letter and every subscript is present in a term we can 
continue taking out factors of type a,b,c,. But some exponents may be zero. 
In that case suppose i, say, is not zero. Then the conditions on the exponents 
give the inequalities : 


i,<n, k,<n, 
Js > 9, k,+k,>0. 


Henee, if j7, = 0, k, > 0 and j, > 0, and therefore 8, is a factor. 

If k, =9, j,>0, k,> 0 and 8, is a factor. 

If j, = 0 and k, = 0 at the same time, 8, is still a factor. 

If j, = 0 or k, = 0 or both are zero simultaneously, a, is a factor. Hence, 
if i, + 0, either a, or 8, is a factor. Taking out the factor a, (or 8,), we 


nN, 

nN, 

i,<n, 
Jet k,>9, 
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have left a term of same type with n —1 replacing x. This establishes the 
lemma and we can write any rational invariant in the form 


wi ad gk RI 
T= a; 8) B;- 


Since I is left unaltered by all permutations of a,b, and their subscripts, 
it is left unaltered by all permutations of a and B and their subscripts. For 
if we express the permutations of the Roman letters in cycles, it is easy to 
express the corresponding permutations of the Greek letters in cyclic form. 


We have 
(abc) is equivalent to (a,a,a,)(8,8,8,), 


(dc) “ 

(23)“ 
This includes all independent types. 
Next we introduce the notation : 


8,+8,+8,=8,, 
A, 4, + + = 7,5 8,8, + 8,8, + 8,8, = 8,, 
%, %, = p, = B,B,8,, 
(4, — ( % — ay) ( (B, B,)(B, B,)(B, B,) 
Since any invariant admits of the permutations (a,a,a,) and (8,8,8,), it 
follows that if any invariant J contains the term a} a/ af) 8" 8B’, it contains 
the 9 terms 
3 3 
> signifying the sum of the three terms obtained by cyclically permuting i, j, 
k and /, m, n respectively. If i=j=k or = m= these nine terms reduce 
to three, or if both sets of equalities exist simultaneously, they reduce to a single 


term. In any event, we have the product of two alternating functions of a,, 
a,, a, and 8,, 8,, 8, respectively. By the same argument for all terms of J, 
we see that 
where /2 is a rational, integral, isobaric function of its arguments. The sub- 
scripts indicate the weight, 7 and s being of weight 3. 

As a next step r and s may be assumed to occur to the first degree only, for 
7 and s* can both be expressed rationally in terms of the other 5 quantities. 


In fact * 


*SALMON, Higher Algebra, Ex. 2, p. 57. 
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p, + 1877, p, — — 2Tp3, 
— 483 p, + 18s, 8, p, — 48; — 2Tp}. 
Also since the permutation (a, a,)(8,8,) changes the sign of r and of s, they can 
occur only in the combination rs. Hence we can write 
(2) I= $19 8,5 Ds) + rs $19 8,5Ds)- 
Again since (a,8,)(a,8,)(a,8,) interchanges r, and s,, J must be unaltered 
by interchanging r, and s;. That is 
(3) By (15 8,5 Py) = (8,5 715 Ps)- 
Hence if J contains a term r} sr} s\'p}, it contains the two terms 
(4) P3(718,) (7252 )" (7172 + 8182) = Aj, 
where for convenience we assume £k =i, m=l,i—k=a,l—m=b. 
Now let 
(5) P3 (7,8, 82 + = 
Then 
A, + A, + 72 + 82) 
(6) 
= 7, + 85 % + 825 7) 8,5 72825 
(7, 8,)(7, 8,) + 7, + 825 72825 Ps)s 


where S, and S, are rational functions. From (6) and (7) we can solve for A, 
in terms of r, — s,,7,— 8, and the arguments of S,. Carrying out the same 
process for all terms of ?,, we get 


R, 8}; 1815 T2809 P;)+ (7,—8,)(7,—8,) +8,, 1,825 Ds)s 


where J, is a rational, integral, isobaric function of its arguments. #2, can be 
expressed in the same way. Hence, we have the following theorem. 

Any rational simultaneous invariant of T, and T, is a rational, integral 
isobaric function of 1, + 8,5 1+ 85 7,815 (7%, — 8,)(% — 8,), and rs. 

Since the above seven arguments are themselves invariants, it follows that 
they form a rationally complete system. They are not independent, however, for 
we saw that 7s* could be expressed in terms of the other six. It remains to show 
that these seven can be expressed in terms of the system proposed in the preced- 
ing section. The equalities are easily seen to be 


r,+8,= r,—8,= D,, 

P= 
=D, r,8, = }(1} — 
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The expression for 7s* in terms of the present system is very long. Since rs 
must be added to our system, for rational completeness we will call it J,. In 
terms of the coefficients of the 3-point 


I, = (a,b,c, — a,b,c,)(a,b,¢, — a,b, ¢,)(a,6,¢, — a,b,c, ) 


(4,6, ¢, a,b,c, )( 4, 6,¢, a, b,c,) (a, a,b, Cs). 


The completeness of the system has thus been finally established. The prin- 
ciple employed in this paragraph, namely, that if an invariant contains a term 
a! a's 8", it contains all terms obtained by permuting thei, j, and J, 
m,n, is useful in determining all invariant relations, as we need only concern 
ourselves about a single term of each type. 


§3. The dual forms. 


We next consider the transformation of the invariants when the role of the 
triangles is interchanged, that is, when the one originally taken as a 3-line is 
regarded as a 3-point and vice versa. Obviously in the simplified form of the 
invariants we need only replace each letter by its minor in D,. We will desig- 
nate the transforms by primes. To abbreviate we denote the minor of any letter 
by the corresponding capital letter. 


B, C, 
B, = Di. 
B, C, 
This follows from the theory of 3-rowed determinants. 
= A,B,C, + A,B,C, + A,B,C,+ A,B,C, + A, B,C, + A, B,C, 


3 3 3 3 

=> a?bic? — a? bic? — 4( a, a,b, b,c,c, — a, a,b, 6, ¢,¢, )- 
This can be expressed easily, for it is of weight 2, and the D’s must enter in 
each term and to an odd degree. This follows from the remark that if the 
terms of a given type have all the same sign, the D’s must enter to an even 
degree if at all, but if half the terms are positive and half negative, the D’s 
must enter in each term and to an odd degree. Hence in the present case we 
need consider only 7,, D,, and D,. It turns out that 


I’ = I,D, —6D,. 


I’, and D; stand in a certain formal relation to a square array, 
A,A, B,B, C,C, 
A,A, B,B, C,C,). 
A,A, B,B, CC, 
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While D; is the determinant of this array, 7; is the expanded form with all 
signs positive. If we designate the sum of the positive terms of D) by ¢ and 
of negative terms by @, 


The actual calculation is long and the following table of summations is con- 
venient here and elsewhere: 


3 3 
> atbict — = L Ag 
9 9 
473 3 4 ” 
af b3b,¢,c8 — ath, cie, = M — 


9 
3 2 3 3 3 2 ’ ad 
> a} a,b, b,c,¢ —)> a} a,b, = 


3°2°3 


Is 18 
3 2 3 222 Jy ” 
a3 a,b, b,b2 — a3 a,b? bic, = D' — D’, 


3 3 


1 


3 3 
2 2 2 2 2 02 
a, a,b, — > a? a,a,b,b, ¢, 


3°1°2 "3 


6 6 

3 3 3 3 3 3, — ~Y ” 
a, c8e, — a3 a,b3 b, che, = — 


9 
3 43 2 re 
> = H, 


9 
= K. 


Further let Z’+ LZ” = L; ete. In this notation, there is no difficulty beyond 
long reckoning. Less direct methods offered no advantage. We have then 


—G4, 
+ —2D"+ N’'4+2N"+4+ 6F" —5F"— 


Hence 
I, 
In 7; the D’s must enter to an even degree, if at all. It is readily shown that 
N—-2D+2E—F+G+ 4H, 
Di = E+2F—2H, 


and from these 
I, = D? I, — 21, D, D, + 6D} 


| 

k 
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D;, must contain the D’s to odd degree in every term. It turns out at once 


that 
D, = — Di D,, 


I, = A, A, A,B, B, B,C, C, C,. 


The actual expansion and reduction of this form is too long for reproduction 
here, but we get as a final form 


I, = DiI, — D} + 3D,D,(1,D, — ,D,). 
Summarizing the results of this section into a compact table, we have: 
=I, D,-—6D,, 
= 
= DiI, 21, D,D, + 6D3, 
= — D,, 
I; = D3 I,— D3 + 3D,D,(1,D,— L,D,). 


It is a simple matter to write down the corresponding table when the 3-line is 
taken in general form.* 

These formule are very useful, for if we know that the vanishing of an 
invariant J indicates a certain projective relation between the 3-line and the 
3-point, the vanishing of J’, obtained from J by these formule, will indicate 
the same relation between the joins of the 3-point and the meets of the 3-line. 

This dual transformation, being obviously of period 2, affords an easy check 
on the algebra involved in calculating the dual forms. Carrying out the sub- 
stitutions of (I) a second time we get 


= D?( 1, D, —6D,) + 6D? D,= 
Dy’ = Dt, Dy =D D,, 
= 

This is an excellent verification of the dual formule. 


§ 4. Some invariant relations of the three-point and the three-line. 


We shall calculate directly a few of the simpler invariant relations. 
(1) The three points are collinear if 


D, 


* For these forms, see the Johns Hopkins University Circular, July, 1908, p. 125. 
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(2) The three lines are concurrent if 
A, =0. 


The above two theorems require no formal proof. 
(3) The 3-point is apolar to the 3-line if 


I, = 0. 


For x,7,%,=9 is the 3-line and (a&)(b&)(c&) = 90 the 3-point. Regard- 
ing the x’s as differential operators, and operating on the equation of the 3-point, 
we get merely the coefficient of &,&,£, in the equation, which must be zero for 
apolarity. This is, 

a,b,c, + a,b,c, + a,b,c, + a,b,c, + a,b,c, + a,b,c, = 9. 
But that is precisely 
i,=0. 

(4) The three points of the 3-point and the meets of the 3-line are on a 

conic if 
D,=9. 

For the general conic on the meets of the 3-line, i. e., on the vertices of the 

reference triangle, is 
2, 


If the points (a&) = 0, (b&) = 0 and (cE) = 0 are on this conic ; 


+ 4,%,0, + 4,2, = 0. 


+ 4,4, 4, + = 0, 


a,b,b, + 4,6,b, + 2,6,6, =0, 


+ + @¢,c, =O. 


For these 3 equations to be consistent, their determinant must vanish. That is 
a,4, 4,4, 
b,b, b, b, = 0, 


c 


3 3% 


which is D,=0. For the general case, a study of the degree in the Greek 
letters shows that 
A? D, = 90 

is the general condition. 

The dual of D,, Di D, = 0, is therefore the condition that the 6 lines be on 
a conic. 

(5) We will next take the problem of Pascu* triangles and prove: Jf the 


*Mathematische Annalen, Vol. 23 (1884), p. 426ff. See also HuN, these Transac- 
tions, Vol. 5 (1904), p. 49. PascH shows that if there is one such triangle in a collineation, 
there is a quadruple infinity. 
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two triangles are such that the 3-point is a Pascu triangle in a normal collinea- 
tion having the 3-line for a fixed triangle, 
D, (1, D,—3D,)=9. 


To show this, we take again the 3-line as reference triangle. The normal 
collineation can be written 
x, = ka, 


and we want the transform of a to be on the line dc. Similarly } is to go into 
a point on ac, and c into a point on ab. This gives us three equations like 


k,a, k,a, 
b 


1 


C, 


We can write them 
k,a, A, + k,a,A,+k,a,A,=9, 
k,b, B, + B, + k,b,B,=9, 
C,+ k,c,C, + k,c, C, = 9, 
where the A,, B,, C,, are minors as before. 
For these 3 equations to be consistent, we must have 


a,A, a,A, a,A, 
6,B, 6,B,\= 


«CG, 
Expanding this we get 


8 
aS +} a?a,b2b,¢,¢,c, — 6a, a,a,b,b,b,c,c,c, = 9. 


2°37" 


This expresses itself readily in the form 
ID; —3D,D,=9, or D(LD,—3D,)=9, 
as we were to prove. ; 

(6) If the two triangles are in perspective position, 

I,=9. 

It will be found that the 6 factors of J, correspond to the 6 possible orderings 
of the vertices of the two triangles. For example, by way of proof, suppose we 
ask that the joins of 1,0, 0;0,1,0;0,0,1 toa; 5; c, respectively meet in 
a point. The 3 joins are 

a,%,— a,x, = 9, 
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Hence the condition that they meet in a point is 
0 

b, 

—¢, 0 


or a,b,c, — a,b,c, =. In the same way each ordering requires a distinct fac- 


tor of J, to vanish. As a corollary we can also state: Jf there exists a conic 
with respect to which the 3-line and 3-point are mutually polar, then must 


I,=0. 

All the problems discussed by Dr. Hun might be treated independently as 
those of this paragraph have been. But every fundamental system of invariants 
must be expressible in terms of the present system, since it has been proven 
complete. Hence by constructing a table of equivalents we can utilize directly 
Dr. Hun’s results. 


§5. Hun’s invariants in terms of the present system. 


Hun’s three fundamental invariants are defined for the case of a general 
3-line and 3-point as follows: 


(B,, By — 
B,, 

B, 
B 


= 4,( By); + + 
B,, = By), + 89%), + 9:(48),» 
and in turn the symbols (7), (7), ete., are defined as follows : 
(By), = 4,(be/By) + 6,(ca/By) + ¢,(ab/By); 
(bc/By) = (68) (ey) + (67) (cB), 
(ca/8) = (¢8)(ay) + (cy)(aB), ete. 


the parentheses now indicating row products. 


where finally 


If now the 3-line is taken as the reference triangle, we need retain only 
terms containing the product 2, 8,7, and replace it by unity. This gives 


B= B= 4;5,¢;5 
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B,, 2(a,6,¢, + a, bye, + 4,9, ¢, 


B,, = 2( a,b,c, + a,b,¢, + 4,6,¢,). 


In general 
(1) B,, = 2( a,b,c, + a,b,c, + a,b,c). 


Then denoting Hun’s invariants by bars to avoid confusion, we have 
3 6 


3 6 

> (B,, B,, B,, By) 
— 4[ (a,b,c, + a,6,¢, + a,b,c,)(a,6,¢, + a,b,c, + a,b, ¢,) 
+ (a,b,c, + a,b,c, + a,6,¢,)(a,6,c, + a,b,c, + a,b,c, ) 
+ (a,b,c, + a,b,c, + a,b,c,)( a,b,c, + a,b,c, + a,b,c, ) ] 


9 6 
= 37? — 4( a?b,b,c,¢, + 3 4,4,5,, ¢, ¢, 
= — Di + 12/,) = 2177 + D? 
The transformation of — 7, = — ADN is more difficult. Obviously A and D 
are A, and D, respectively. We have directly from above equalities (1), 


I, 


1 2(a,b,¢,+ a,b,c, a,b,¢,) 2(a,b a,b,c, + 
2(a,b,c,+ a,b,c, +a,b,¢,) 2(a,6,c,+4,b,c,+ a,b,c.) . 
2(a,b,c,+4,b,c,+a,b,c,) 


Expanding this and using the equality found in evaluating J,, we have 


18 12 
= I, + a, a,b, + 8 >) a,a5b, bic, 
+ 48a, a,a,b,b,b,¢,c,c, — I, (I? — D? + 127,) 


= I} +120, 7,—4D,D,— I} + 1, D,( I, D,—4D,). 
Hence 


N=4D,-—T,D,. 
Therefore we have as a complete table 


= 27? + —121,, 


where the A,’s are inserted so as to be correct for the general 3-line. 


D=), 
A=A, N=-—ZDA,+4D,, 
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Using these formulas we shall write down the equivalents of Dr. Hun’s results 
as tabulated on pages 50 and 51 of these Transactions, vol. 5 (1904). 


The 3-point degenerates, if 
D,=9. 

The 3-point is apolar to the 3-line, if 
I,=0. 


The meets of the 3-line are apolar 
to the joins of the 3-point, if 


—6D,=0. 


A conic circumscribed to the 3-point, | 


and apolar to the 3-line exists, if 
[,A4,D,—2D,=9. 


A point conic apolar to both the 3- 
point and the 3-line exists, if 


D?D,=9. 


A econie circumscribed about both 
the 3-point and the 3-line exists, if 


A? D,= 0. 

There exists a point, whose polar 
conic as to the 3-line is apolar to the 
3-point, if 

D,A,(f,D,4, —4D,)=9. 

The three polar lines as to the 3- 
line, of the points of the 3-point, taken 
two at a time, meet in a point, if 

(LDA, 4D,) = 0. 

There exists a collineation having 
the 3-point as a fixed triangle, which 
sends each meet of the 3-line into a 
point on the opposite line, if 

A, (L, DA, — 3D,) = 9. 
There exists a collineation having the 


meets of the 3-line as fixed points, which 
sends each point of the 3-point into a | 


The 3-line degenerates, if 
A,=0. 
The 3-line is apolar to the 3-point, if 
I =0. 
The joins of the 3-point are apolar 
to the meets of the 3-line, if 
I, D,A4, —6D,=9. 
A conic inscribed in the 3-line and 
apolar to the 3-point exists, if 
[,D,A,—2D,=9. 
A line conic apolar to both the 3- 
line and the 3-point exists, if 
A? D,= 9. 
A conic inscribed to both the 3-point 
and the 3-line exists, if 
BPD, = 9%. 
There exists a line, whose polar 


conic as to the 3-point is apolar to the 
3-line, if 


D,A, D,4, —4D,) = 9. 
The three polar points as to the 3- 


point, of the lines of the 3-line, taken 
two at a time, lie on a line, if 


D,( I, D,A4, —4D,) = 9. 
There exists a collineation having 
the 3-line as a fixed triangle, which 


sends each join of the 3-point into a 
line through the opposite point, if 


D,(L,D,A4, 3D,) = 0. 


There exists a collineation having the 


joins of the 3-point as fixed lines, which 
sends each line of the 3-line into a line 


| 
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point on the join of the other two, if 
D,A, —38D,=9. 
There exists a point, such that its 
polar conic as to the joins of the 3- 


point is apolar to the meets of the 3- 
line, if 


D? A?( I, D,A, —2D,)=0. 
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through the meet of the other two, if 
D,4, —3D,=9. 


There exists a line such that its 
polar conic as to the meets of the 3- 
line is apolar to the joins of the 3- 
point, if 

D? A? D,A, — 2D,) = 9. 


To this we will add one more, adapted from the same article. 


There exists a line conic, touching the joins of the 8-point, and apolar to the 


3-line, if 


Di(L,D,4, —4D,) = 9. 


It will be seen that the essential factor of all these invariants is a member of 


the pencil, 


I,D,A,+2D, 


It may be noted that if two points of the 3-point are taken as the circular points 
at infinity, and the third point taken as variable, this pencil is the pencil of cir- 
cles determined by the Feuerbach circle and the cireumcircle. 

Another pair of dual theorems which can be readily proven are these: 

Tf one of the 3 points lies on either of the lines of the 3-line, 


I,=09. 


Tf a meet of the 8-line lies on a join of the 3-point, 


2D? —2D3 + D,D,(I,D,—I,D,) =9. 


The powers of A, are not inserted in the latter form, and will not be in the 


future unless for some special reason. 


$6. A conic inscribed in one triangle and circumscribed about the other. 


The present investigation has grown by extension from the problem: To 
find the invariant relation on two triangles so that a conic may be drawn touch- 
ing the sides of one triangle and on the vertices of the other. 


This problem 


together with its applications is especially interesting. 


Let the three lines be the reference triangle, and take the polar conics of the 


three points a, b, c as to it. 


The three polar conics are: 


0, + + 


b, %, + b, 7,2, b,x, 0, 


C, 2,2, + C,%, 0, + = 0. 


(1) 
(2) 
(3) 
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Let 7 be any line of (1), the polar conic of a, and the poloconic of 7 will pass 
through a.* Hence if the three polar conics have 7 as a common line, then the 
poloconie of 7 as to the 3-line will be on all three points a, b,c. But it will 
also touch the three reference lines a, 8, y, for the Hessian of a triangle is the 
triangle itself, and the poloconic of any cubic touches the Hessian in three 
points}; in the present case it touches each of the three lines making up the 
Hessian, for they enter symmetrically. 

Consequently the problem is now reduced to finding the condition that the 
three polar conics have a common line. SALMON { gives the condition that three 
point conics have a common point as 7? = 64M. For three conics to have 
a common line we need only form their line equations and impose the analogous 
condition. The line equations of (1), (2), (3) are 


(4) a; a; + a; = 2a, a, &, 2a, 4, 2a, 4, €, g, =0=U, 

(5) + + — 2b,b,€,€, — 26,6, — V, 

Now J/ = 0 is the condition that in a net of line conics 17+ mV+nW 

there shall be a double point. In that case, the reciprocal of that particular 


conic of the net vanishes identically. Following SaALMon’s notation, § we find 
the equation to be 


(7) PS + + + mnd,, + nld,, + lmd,, = 9. 


The > ’s are the reciprocals of U, V, W respectively and the ¢,, are the 
Clebschians of the same taken two at a time: 


(8) = 4a, + + a,2,2,) = 0. 
> and >>” are the same in 6 and c respectively. By the Clebschian of two 


line conies (a&)’ and (b&)’, we mean the contravariant | aba |’, where | abs | 
is the determinant. || In the present case 


(9) + (4,6, a,b,)( a, b, a,b, (4, b, a,b, )( a,b, a,b, ) x, vs 


+ (a,b, — a,b,)(a,b, — a,b,)2,2,, 


* SALMON-FIEDLER, — Analytische Geometrie der hiheren ebenen Kurven, p. 292. The English 
edition of this book is out of print. SALMON calls the poloconic simply the polar conic of the 
line. CLEBSCH-LINDEMANN, — Vorlesungen iiber Geometrie, Vol. I, p. 543. KonHn, Encyklopddie 
der mathematischen Wissenschaften, Vol. III, part 4, p. 471, gives an account of the poloconic with 
references. 

t DuREGE: Ebene Curven dritter Ordnung, p. 278. 

Conte Sections, p. 365-6. 

% Conic Sections, p. 366. 

|| Ibid., p. 344. CLEBSCH’s form is non-symbolic and ¢ equals ¢,, above. See also CLEBSCH- 
LINDEMANN, Vol. I, p. 277. If a; = };, the Clebschian is the line equation. 


Trans. Am. Math. Soc. 25 
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and ¢,, and ¢,, are similar forms in b,c and c, a respectively. The above forms, 
> and ¢,,, are most easily verified by expanding the symbolic forms and sub- 
stituting the real coefficients. 

SaLmon gives M in the form of a 6-rowed determinant. From equations 
(8) we see that the block 


A BC 

A’ BC 

A” B’ Cc” 
is composed entirely of zeros. Hence M reduces at once to the product of two 
3-rowed determinants 


2 —— 9 2 2 2 2 
Zaja,a, 2aaza, 2a,a,a; (a,b,—a,b,)” (a,b,—a,b,) (a,6,—a,),) 


(10) 267b,b, 2b,b2b, 2b,b,b2 x (b,c,—4,¢,)? (b,c,—5,¢,)? (b,c, 


1 3 1° 2°3 


2¢,¢5¢, (c,a, C,4, (c,d, (c,a, 


The first determinant is clearly 87,D,. The second is seen to be the dual of 


to bo 
wb 


(11) 


wre 


wre 


2 
2 
2 
2 


ad 


Now (11) in terms of our fundamental invariants is 
D, — 2D,. 
The dual of this, by the formulz of (I), § 3, is 
Di( — 4D,). 


Therefore 


(12) M =81,D*(I,D,—4D,). 


To express 7’ similarly we can start with either of SaLmon’s forms as given 
on pages 365 and 367 of his Conic Sections. We shall develop the second form 


122" 133 


Next recall the meaning of the 6’s. If we write the discriminant of 
(14) + m( bE) + n(c&)? 


we can define them as follows: @,,, is the coefficient of /mn in the discriminant, 


6... is the coefficient of 7m?, and so on. For the net 1U+mV+2W, this 


122 
gives 


6 9 
9 
a,a,b,b,c,c, —2 >> a?b,b,c,c, = D? —4/,, 


3°2°3 


a 
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(16) = — + a,a,b,b,b7 + a,a,b,b2b,), 
(17) = — + 4,05 0,0, + 


2°3 
9,,,5 94... Combining these we have 


and similarly for 


211° 233 9 
= 16 ( aj a3, b, + a3 a3 bj b,b, cf 

+ alatb, 2c, + ata,a,b, 
+ a, bye, ese, + > a, b, bibs )s 


951,920 = 16 ( a, 4,435, + aj a; b, 


6 
+ a, + b3b,¢, 


Hence 
9 6 
9120035 + 92419295 + 95119 16(>0 +8 
= 4/?-—4D3+ 487, 


(18) 


As a final step we must evaluate ©, which is defined as the coefficient of /mn 
in the reciprocal system 


The expressions for >>, >’, >” were given by (8). The discriminant can be 
written at once in determinant form, as 


0 la, + mb,+ nc, la,+ mb, + ne, 
(19) 8a,a,a,6,b,b,¢,c,c, la, + mb, + ne, 0 la, + mb, + ne, 
| a,+mb,+nc, la, + mb, + ne, 0 
(20) = 16a, a,a,b,b,b,¢,¢,c,(la, + mb, +ne,) (la, + mb,+nce,)(la,+mb,+ne, ). 
The coefficient of /mn in (20) is seen to be 
16a, a,4a,b, b,b,¢, ¢,¢,( > a,b,c,) = J,. 


Hence 
(21) =167, /,. 


Substituting the values (15), (18) and (21) in (18), we have after reduction 
(22) T= Dt — 8D? I, + 16D}. 


Substituting the values of Vand 7’ thus found, in the condition 7’ = 64, we 
have the theorem 

If the 3-point and the 3-line are such that a conic may be inscribed in the 3- 
line and circumscribed about the 3-point, then will 
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(23) — 8D? I, + 162)? — 5127, J, D, — 4D,) =0.* 


Forming the dual of (23) we get a theorem which admits of an important 
application. The dual is 


[ D} —8Di( — 21, D, D, + 6D?) + 16D 
— 512D)( Dil, — D} + 42, D, D} D,)(L, D} — 2D) D,) =9, 
which reduces to 
(24) Di [ D,( Di + 6477 + 822, D, D, — I, — 64D?) 
— 


From this we have the dual theorem, neglecting the trivial case where the 
three points are on a line: 

A conic may be drawn on the meets of the 3-line and touching the joins of 
the 3-point, if 


(26) D,( D'+64/2+4 327, D, D,—16 D? I, D.—2D,)=0. 


Next consider equations (24) and (26) when two points of the 3-point are 
taken at the circular points at infinity, and the third point as a variable point «. 
They become equations of curves of the 8th and 5th degrees respectively. We 
shall discuss these curves briefly, as many properties can be deduced directly. 
We will designate them by 7? and Q respectively. The equations of these 
curves can be written down explicitly by replacing 5, and c, by the coordinates 
of J and J and a, by 2,. 

In the case of conics inscribed in the 3-line and on the 3-point, if two of the 
points are taken at J and -/, all the conics become circles touching the 3-line. 
In other words; the octavic, R = 0, is the locus of points from which circles 
can be drawn touching the lines of the 3-line. 

In other words, 2 = 0 is simply the equation of the 4 circles which can be 
drawn touching the 3 lines. 


In the dual case, the join of J and /J/, that is, the line at infinity, becomes a 


tangent to all the conics. Hence they are parabolas. Further the lines joining 
I and J to x are to be tangents to the conics, so that x is in every case a focus. 
Hence the theorem : 

The locus of the foci of parabolas on three points is a quintic curve, and 
if the points are taken as vertices of the reference triangle, the equation of 
this quintic is 


It is possible to deduce many properties of and Q without writing out the 


* This was further verified by expanding SALMON’s alternative form, Conic Sections, p. 365. 
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explicit equations. As a first step it is well to note what curves are represented 
by equating certain simple invariants to zero, when the points are taken as above. 

I, = 9, is the equation of the reference triangle. 

D, = 9, is the line at infinity. 

I, = 0, is the polar line of J and J/ as to the 3-line. 

D, = 9, is the cireumcirele. 

I, D, — 2D, = 9, is the apolar circle. 

I, D, —4D, = 9, is the Feuerbach circle. 

None of these require proof here except possibly the last. This can be 
shown directly from Hwun’s form, for he shows * that V = 0 is the equation of the 
Feuerbach circle, and we have found V= J, D,—4D,. Or it can be proved 
directly from the easily established fact that J, D,—4D,=0 is the locus of 
centers of rectangular hyperbolas on the vertices of the 3-line. But the feet of 
the three perpendiculars of the 3-line are clearly such centers and are also on 
the Feuerbach circle. Hence since J, D, — 4D, = 0 is a circle, it must be the 
Feuerbach circle. (All the conics J, D, + ’D, = 0 are circles, being on J and 
J, the intersections of D, = 0 and D,= 0). 

Now take the equation 


(27) R = — 8 DiI, + 16D?) — 5122, Di D, —4D,)=9, 


which we know to be the equation of the four touching circles. 

If J,=0, (Di—8DiJ,+16D?)?=0. Hence, the reference lines touch 
the octavic where they cut K, the quartic, D} — 8D? I, + 16D} =0. 

If  D,—4D,=90, K*?=0. Hence, the Feuerbach circle touches the 
octavic (or passes through double points) where it cuts K. This is really the 
well known theorem that the Feuerbach circle touches the inscribed and 
escribed circles. 

The quartic is interesting in itself. From its equation, 


K= =0, 


we see that if D, = 0, D? = 0, and if D, = 0, either D} = 0 or Di —87,=0. 
This shows that J is a bicireular quartic, that is, it has double points at J and 
J. Since the latter are quadruple points of /, all the intersections of A and 
fF are accounted for and easily constructed. There are 12 at the points where 
the reference triangle touches the 7? circles, 4 where the Feuerbach circle 
touches them, and 8 at each of the circular points at infinity. 

Since 22 = 0 can be easily constructed, we will now take up Q=0. We 
can abbreviate 
Q = D,[ (Di — 81,) + 32L, D, D, — — 5122,( 7, D, —2D,) = 0 


* These Transactions, vol. 5 (1904), p. 47. 
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by calling 
D; — 8I,= U, 16(7,D, —2D,)= V, 
therefore 


(28) Q = D,(U? — D,V) —321,V=0. 


In this if D,=0, ,V=0. That is, Q cuts the line at infinity where 
I,V =09 cuts it. But J,=0 is the reference 3-line and V=0 the apolar 
circle. Hence 

The quintic Q = 0, passes through the circular points at infinity and has 
its asymptotes parallel to the sides of the reference 3-line. 


Again if V=0, D,U*?=90. This says that the apolar circle touches the 
quintie (or cuts it at double points) where U and V intersect. Since Q can be 
proven rational,* its six double points will not ‘in general lie on aconic. Hence 
V does not cut Q in double points and we have the theorem : 


The apolar circle, V=0, has fourfold contact with the quintic, Q=9, 
touching it at the four points where U=0 cuts V=0. 


This theorem can be proven more directly by taking the dual of V=0, 
which is J D,—4D,=90, or the Feuerbach circle, #’. But, by the well- 
known theorem, the Feuerbach circle touches each of the four tangent circles, 2. 
Since contact is not destroyed in taking duals, V, the dual of /’ touches Q, the 
dual of /2 in four points which was the theorem to be verified. Rewrite Q, thus: 


(29) Q = D,U?+2V(D,D,—161,) = D,U?—-2VW=0. 


The curve W = 0 is a cubic on the vertices of the reference triangle, cutting 
the line at infinity where the sides of the reference triangle meet it. That is, 
its asymptotes are parallel to sides of reference triangle. 

When W=0, U?=0 or D, = 0, hence W=0 touches Q where U cuts W. 

But since W and Q have parallel asymptotes, it follows that three of the con- 
tacts are at infinity. . 

We can also find where Q cuts the cireumcirele. In Q, let D, = 0, and it 


becomes 


(30) D,( Di — 81, — 1, D, = 9. 
So unless the 3-point degenerates 

(31) (Di — — 5127, 090. 
Then let D, = 0 in # and drop D} as a factor, the result, 


— 87,)? — 5127, 7, =0, 


*R. F. Davis, Educational Times, December 2, 1907, p. 545. 
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is the same as (31). Hence: 

Q and R cut the circumceirele in the same points. 

It should be noted in this connection that the question, whether a locus is on 
any of the 6 fundamental points — that is, the points of the 3-point and the 
meets of the 3-line—is equivalent to the question whether the corresponding 
invariant vanishes, when there is a coincidence among the fundamental points. 
This is a question of some importance, but will not be discussed in detail here. 


§7. The Clebschians and their invariants. 


In the case of two general line cubies (a )* = 0 and (b&)* = 0, the Clebschian 
is a point cubic defined by 
(1) x = |abe = 0. 


Similarly the Clebschian of two point cubics (ax)*=0 and (Sx)'=0 is 
defined by 
(2) = |aBE = 0. 


If, as in the case of two triangles, the curves are of both the third class and 
third order, the two Clebschians are in general different. In forming the 
Clebschians both triangles or cubics must be taken in points or both in lines. 
So the work here is slightly different from the preceding sections. 

If one cubic is taken as the reference 3-point and the other as (aé)*’= 0, 
from (1) we have 


(3) = 6(a, + A, + A, — A, 3X, — Aj Az — 


If in turn the second cubic is taken as the 3-point (a&)(b&)(c&) = 0 we must 
replace 

3a,a; by (a,b,c, + a,b,c, + a,b,c, ), 
and this gives us 


xX = 2[ (a,b,c, + a,b,c, + 4,b,¢,) x} x, + (a,b,c, + a,b,c, + a,b,c, ) x, 


(4) + (4,6, 4, b, +4, b,c, ) — (a, b,c, a,b, + a,b,c, 


b,c, + a,b,c, + a,b,c,)x, — (a,b,c, + a,b,c, + 4,b,¢,) x, |. 


—(a 


It will aid in clearness to define y geometrically. If we call the reference 
3-point d, e, f, then x may be defined as the locus of points y such that the 
two triads of lines y—d,e, fand y—a, b,c areapolar. yx’ is the locus of 
lines » having the dual property. From (4), we see that y is on the vertices of 
the reference 3-point, and, since the two 3-points enter symmetrically, we have 
the theorem : 
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The Clebschian of two 3-points is on all six points.* 
Further since (4) contains no terms in #,7,.,, the reference triangle is apolar 
to it. Hence, 
The Clebschian of two 3-points is a cubic to which both 3-points are apolar.+ 
The dual theorems for two 3-lines can be written down at once. 
Since the invariants, S and 7, of y are mutual invariants of the two 3- 
points, they must be expressible in terms of our fundamental invariants. 
For S, we will make use of SaLmon’s standard form.t In y, the SaLMon 
coefficients have the following equivalents, 
=b=c=m=)0, a, = (a,b,c, + a,b,¢, + a,b,¢,), 
( a, b,c, + a, b,c, + a, b,e,), b, — ( a, b, + a, b, C, a,b,c, )s 
(a,5,¢, + a, + a,b,¢,), (a,b, ¢, + a, b,¢, + a,b,e,), 
¢, = (a, b, ¢, + @, + a, b,c, bs 


The nonessential, common numerical factor has been dropped. This gives, 


by substituting in SALMON’s form, 
S = — (a,b,c, + a,b, ¢, + 4,6,¢, 6,¢, + a,b,c, + a,b, ¢, 
— (a,b,c, + a,b,c, + a,b,c, )? (a,b, ¢, + a,b,¢, + a,b, ¢,) 
— (a,b,c, + a,b,c, + + a,b,c, + a,b,¢,)? 
+ (a,b,c, + a,b,e, + a,b,¢,)(@,b,¢, + a,b,¢, + a,6,¢,) 
(a,b,c, + a,b,c, + a4,b,¢,)(a,b,¢, + a,b,c, + a,b,¢,) 
+ (a,b,c, + a,b,c, + a,b,¢,) (a,b,c, + 4,6,¢, + a, 6, ¢,) 
(a,b,c, + a,b,c, + a,b,¢,)(a,6,¢, + a,b,¢, + a,b,c, ) 
+ (a,b,c, + a,b, ¢, + a,5,¢,)(g,5,¢, + a,b,¢, + 4,6, ¢, ) 
(a,b,c, + a,b,c, + a,b, ¢,)(a,b,¢, + a,b,c, + a,5,¢,). 


Expanding and collecting the above we get 


18 9 9 


or using the symbols of §3, 
T) S=16(N-—-H—- XK). 


(1904), p. 472, for a discussion. 


+ Hoihere Ebene Kurven, p. 247. 


* These two theorems lay no claim to novelty, see F. MoRLEY, these Transactions, vol. 5 
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Employing the fact that the J’s must enter in each term to an even power, 
if at all, we find that the only combinations entering are 
Di + T7)=2N+4E+10F 4+ 264+ 8H, 
I; — Dp = 4H, 
(1? — D7)? = 32N + 6414 164K, 

LD, D,=—N+2E4+5F + G—4H. 
It is not difficult to select the proper coefficients ; the result is 
(8) S=12/,( + — 36( — — — Di)? — 247, D, D, 
(9) -61,)’. 


Geometrically S = 0 is the condition that the Hessian of the Clebschian of the 
two 3-points shall be three lines. 

Since the Clebschian treats the two triangles symmetrically, it is clear that 
S should be self dual. Applying the formule of § 3, we get 


(10) S' = DiS. 


This is a good check on the work. 

To substitute the coefficients of y directly in SALMON’s form for 7’* leads to 
complicated expressions. The following method presents fewer difficulties. 

Let (ax)* and (a€ be two cubies giving the connex 


(11) (aa)*(axn)(a&) = 0. 
The 3 fixed points of the connex are given by 

(12 a, (an) (aa)? = 
If the 3 equations of (12) are consistent 


a,a,(aa)?4+X a,a,(aa)* a, (aa)* 


(13) A(A)= a,a,(aa)? a,4,(aa)?> +X ad,a,(aa)? 


a, ( aa ) a, ( aa a, ( aa )? +r 
The coefficients of powers of A in A()) are invariants of the connex. Now 
let (ax )* become the reference 3-line and 
2a, 4,4, 2a2 a, 
(14) A(A)= 2a? a, 2a, 4,4, +2 2a, 
2a? a, 2a3 a, 2a, 4, 


* Hohere Ebene Kurven, p. 248. 
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If the second cubic is taken as 
ag} + bE + + 80,878, + 8a, 878, + 3b, 86, 
+ 3b, + 3, + &, + 6mé, = 0, 
A() takes the form, dropping numerical factors, 
a, a, 
(16) A(A)= 8, 
c c m+xr 


where 
J, =3m=31, 
J, = 3m? — ( be, + ¢,a, + a,b,), 


m 


J, = b, 


Now the Clebschian of the reference 3-line and the general cubic is 
X= ¢, x22, + b,x, 22 + 22 — a, xix, — b,x? x, = 0, 
and 7’ for this is 
T = 6b, ¢,¢,4,4,6, — 8( + a3 + a3b3) — 27 (a2 c2 + a3 
9 ( h2 2 2 n2 22 
+ 12(bjcia,c, + bj a,b, + a3 a,b, + b,c, + a3 b,c, + a3 bc, 4, 


Or we can write 
(17) T = 6x — 8y — 27z + 12¢. 


From the expressions derived above we have 


(18) (317 + 3 a,C, + 60, ¢, ¢, 4, a,b, 3t, 


(19) (J,+223— = + + 2b, ¢,c,a,a,b, = 2x + 2, 


(20) S(3l?—J,)=—- + 3b, ¢,¢,4,a,b, = 8x + y. 


Elimination of x, y, z, ¢ from these four equations gives 
(21) 243 + —J,). 


But J, is identical with the J, of the present system, J, and J, are J, and — J, 


of Hwn’s system, and S is given by (9). 
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Substituting these values in (21) we find 
= — 8[(7? — — 21673 — 187,( 7: — D}) 
+ 108( 7? 72 + D? D3) — 54(D, 7, — I, 
+ 367, D, D,( 1? — Dz) — 6487, D3}. 


Applying the dual formulas we have 7” = D'7’, again a check on the work. 

As a further example, the invariant condition on the two triangles, that 
the two Clebschians may be apolar, will be calculated. The outline, only, of the 
work shall be given. The form of y is given in full by equation (4). To get 
the equation of x, the coefficients of the corresponding terms can be derived 
from x by replacing each letter by its minor in D,. Call the minors A,, B,, 
etc., as in § 3. Then 


= (A,B,C, + A,B,C, + A,B,C LEE, + (A,B,C, A,B, C, + A,B,C, )E,E; 
+ (A,B, C, + A,B,C, A,B, CEE, (A,B, C+ A,B, A,B, 83 
—(A,B,C,+ A,B,C, + A,B, A,B, C,+ A,B, 


To find the apolarity condition, regard, as usual, the &’s as differential opera- 
tors and equate the result to zero. This gives 


(a,b,c, + a,b,c, + a,b,c,)(A, B,C, + A, B,C, + A,B,C,) 
+ (a,b,c, + a,b,c, + 4,b,¢,)(A, B, C, + A,B,C, + A, B,C,) 
+ (a,b,c, + a,b,c, + a,b,¢,)( A,B,C, + A, B,C, + A, B,C,) 
+ (a,b,c, + a,b,c, + a,6,¢,)(A, B,C, + A,B,C, + A, B,C, ) 
+ (a,b,c, + a,b,¢, + 4,6,¢,)(A, B,C, + A, B,C, + A, B,C,) 


+ (a,b,c, + 4,6,¢, + a,b,¢,)( A,B,C, + A, B,C,+ A, B,C,) =9. 


By replacing the capitals by minors in the small letters and expanding, the 
whole can be summed thus : 


6 


9 9 6 
9 9 
+ 2( b, c3e, — = 0. 


Expressed in terms of the fundamental invariants, this is 


(24) 


(25) — I? D, —81,D, + 91,D,=9. 
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Hence: The two Clebschians of two triangles are apolar if 
— I? D, —3L,D, + 9f,D,=9. 


Of necessity, this form is self-dual. 

The invariants of y’ are seen to be the dual of those of y. But S’ = S and 
T' =T. Hence: Jf neither triangle is degenerate, S == 0 is the condition 
that the Hessian of one Clebschian break down into 3 lines and at the same 
time that the Hessian of the other break down into 3 points. 

There are a number of other interesting cubic covariants and contravariants 
of two triangles. But the limits of this paper will not permit of a detailed 
treatment, the above discussion of the Clebschian being itself meager and 


incomplete. 


§8. Self-dual invariant forms. 


A number of self-dual forms have appeared in the course of this article, and 
the question naturally arises as to the number of such self-dual forms which are 
independent. Such forms are of special importance, because the vanishing of 
one of them indicates a mutual relation between the two triangles. The most 
general self-dual invariant of given degree can be found by carrying out the 
dual transformation on the most general invariant of that degree, and asking 
that the invariant be left unaltered save for multiplicative powers of D,. For 
example, suppose the most general self-dual invariant of degree 3 is required. 
We ask that 


=a(I?D3—181? D2 D3) 
+¢(1,1,D!—2I? 
+f(—I,D*D,+6D? D3 D,+6 D2 D2) 


Equating coefficients, we get the equalities ce =— 9a, k = 54a, 6¢-=— (f+ h), 
g = —3d. Introducing these in the left-of (1), we have as the most general 


self-dual form of degree 3, 


(2) 
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Since a, c, d and / are arbitrary constants it follows that the expressions in 
parentheses are all self-dual forms, as can be readily verified. In the further 
study of self-dual forms, we get the following system of five independent ones, 
which form a complete system : 


(1) D,, (2) 2,D,—8D,, (8) 2-64, 
(4) ,D,—-1,D,, (5) — 91,1, + 1081. 


To prove this system complete let us designate forms (1), (2), (3), (4), (5) by 
A, B,C, £, and F respectively. We then have the following equations: 


A, 
B), 


I, = 1,0 + = + I}). 


3 


That is, D,, D,, Z,, and J, can each be expressed in terms of J, and self-dual 
forms. 
From (4) or # we get the further equation 


A 
6E =2BI,— AC — 


and hence 


(6) 


644+ AC—2BI, 
a formula which enables us to reduce higher powers of J,. Hence from this 
series of equations we see that any invariant can be expressed as a rational 
Sunction of the five self-dual forms A, B, C, F, F’, and of I, to the first 
degree. That is any invariant J can be written as 


(7) 


where S, and S, are rational functions of A, B, C, Z,and F’. Now sup- 
pose J is self-dual and written in form (7). Since S, and S, have been proven 
self-dual, it follows that (7) can be true only for /Z, S, = 0, as it can obviously 
not be self-dual, 7, not being self-dual. Therefore if self-dual J= S,, that is, a 
rational function of A, B, C, H, F’. This proves the theorem. 

Any form which can be expressed in terms of these five is self-dual, and it is 


frequently easier to show the self-duality of a form by expressing it in terms of 


4 
D, 
D, 
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A, BR, C, EF, F, than by applying the dual transformation formule. Only 
the first two of the five have a simple geometrical interpretation known to the 
writer. 


§ 9. The fundamental invariants under a special Cremona transformation. 


It is the purpose here to show the effect of a special Cremona transformation 
on the fundamental invariants, and to apply the result to a single example. 
Take the simple, quadratic involutory transformation 


The effect of this transformation on the invariants is to replace each symbol by 
its reciprocal. Since all invariant forms are homogeneous, / will appear to the 
same power in each term, hence may be taken as unity without loss of generality. 
The fundamental invariants, under this transformation, become 


I, 


(1) 

D 


1 


As a typical illustration we take the rational quintic, 
(i=1, 2,3). 


This quintic has 3 cusps, 3 double points, 3 double tangents, 3 flexes, and is of 
class 5. It follows from the simple counting of constants that any two of the 
singular triangles can not be taken arbitrarily, but have a single relation con- 
necting them. We shall give in detail but a single one of these relations. Tak- 
ing the triangle of double points as the reference 3-line, we ask: What is the con- 
dition on the triangle of cusps ? 

From the theory of Cremona transformations,* it is well known that if the 
above involutory transformation is carried out on the given quintic, with the 
double points as fundamental points, the quintic goes into a rational quartic 
with 3 cusps, and with simple points at the 3 fundamental points. If we next 
carry out the same transformation regarding the cusps as fundamental points 
(which change of fundamental points is evidently equivalent to taking the dual), 
the rational quartic goes into a conic which touches the original fundamental 
lines, and has the three cusp points as ordinary points. But we already know 


* CLEBSCH-LINDEMANN, vol. I, pp. 478, ff., where a number of references are given. 


ii 
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from an earlier paragraph the condition that a conic may be inscribed in the 3- 
line and circumscribed about the 3-point. It is 


(2) ( Di — 8D? I, + 16D)? — 5127, D3( I, D, —4D,) = 0. 


Hence to find the condition on the cusp triangle, we must take (2) and carry 
out the above transformations in reverse order. Being of period 2 the inverses 
are the same as the direct transformations. That is, transformation (1) must be 
carried out first, then the dual transformation, and finally (1) a second time. 
This gives an expression of the 24th degree in the coefficients of the original 
triangles. 

If on the other hand the cusp triangle is taken as the reference 3-line the 
condition on the 3-point of double points turns out to be of the 18th degree by 
a similar argument. It is 


D3 I, Di D,—16 I,D*) 
(3) x (2D3I,—2.D3+ 
—8D,(21,D° D,—81,D° +6 Dt D)(2D3I,—2 D+ 


This is sufficient to illustrate our point. For by direct attack this problem 
is practically impossible, yet by this transformation it becomes comparatively 
simple. Other examples can readily be found to further illustrate this idea. 

Incidentally this gives a convenient geometrical interpretation for 7, = 0, the 


only one of the fundamental invariants not previously interpreted. For if the 
transformation y, = 1/2, is carried out on the three points of the 8-point, they 


are carried into three new points, whose equations are 


a,a,€ + + a,a,€, = 0, 
b,b,&, + 6,6, + 6,6,€, = 0, 
c,0,&, + ¢,¢, + ¢,¢,€, = 9. 
Clearly the condition that these shall be apolar to the reference 3 line is 


L=9. 


Or as a definite theorem: Jf two triangles are such that when one is taken 
as a 8-line and the other as a 3-point, and the transformation y, = 1/2, is 
carried out, the 3-point is apolar to the 3-line, then will 


I,=0. 
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This gives, however, no direct information as to the projective relation 
between the 3-line and 3-point in their original position. Other interpretations 
of 7, = 0 arose, but none so direct and simple as for the vanishing of the other 


fundamental invariants. 
JOHNS HOPKINS UNIVERSITY, 
February, 1909. 
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